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Abstract:

Introduction/purpose: The study aims to model fatigue-related crack
propagation by introducing a numerical method, CPCN-FEM (Crack
Propagation by Coordinates of Nodes — Finite Element Method), which
predicts crack trajectories through the systematic generation of nodal
coordinates around the crack front.

Methods: The approach defines four principal nodes to control the
propagation direction and computes the stress intensity factors (K I) and
(KIl), along with the crack inclination angle (8). The method was
implemented in FORTRAN to automate node tracking, coordinate updating,
and stepwise crack advance in a two-dimensional elastic isotropic model.
Simulations were conducted and compared with analytical crack-path
solutions, using the Richard criterion to determine crack orientation.
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Results: The numerical model reproduced expected crack trajectories with
high agreement with analytical predictions and demonstrated stable
displacement behavior across multiple propagation cases. Mesh integrity
was preserved during all propagation steps, and no remeshing was
required.

Conclusion: The findings show that CPCN-FEM provides an accurate,
efficient, and mesh-preserving technique for modeling crack growth under
fatigue, offering reliable predictions of crack path evolution in fracture
mechanics.

Keywords: crack propagation, Stress Intensity Factor (SIF), finite
element method, CPCN-FEM, node coordinates, fracture mechanics.

Introduction

Fracture mechanics is a relatively modern branch of solid mechanics,
having seen its primary theoretical growth during the twentieth century. In
parallel, the phenomenon of material fatigue attracted growing attention
from researchers as early as the beginning of the 1900s. Both fields share
a common objective: enabling engineers to anticipate the behavior of
structures up to their eventual failure (Elgued;j et al., 2006).

In this context, Kocahda et al. (2009) introduced a deterministic
methodology to forecast fatigue crack growth in components subjected to
variable-amplitude loading, including overload and underload cycles. More
recently, Niu et al. (2023) investigated how the length of steel fibers affects
fatigue crack propagation in ultra-high-performance concrete (UHPC)
exposed to cyclic bending, employing both Paris' law and the J-integral, in
addition to a theoretical model of multiple crack growth.

Other approaches, such as that proposed by Mehmet et al., focus on
predicting fatigue life and crack propagation by incorporating cycle
counting and stress ratio calculations. Ricardo et al. (2018) studied the
influence of propagation speed on crack opening and closing stresses
through finite element modeling of ASTM-type specimens. llie and Ince et
al. (2022) developed a systematic 3D FEM-based model to simulate crack
growth behavior.

Several innovative strategies for crack propagation analysis have also
been introduced in recent literature. For example, Wysmulski et al. (2023)
applied both numerical and experimental methods to analyze crack
formation in a carbon-epoxy compaosite plate featuring a central hole. In a
similar vein, Nie et al. (2025) proposed a fatigue-based model aimed at
capturing the complexity of small-scale crack networks.

Borges et al. (2022) explored fatigue crack growth in aluminum alloy
2024-T351 using the plastic CTOD (Crack Tip Opening Displacement)

310



technique to examine strain rate effects. Complementarily, Robles et al.
(2023) applied various evaluation methods to characterize crack
progression in AA2024-T315, with a focus on improving data reliability.

Crusat et al. (2021) contributed a numerical model for crack
propagation in two-dimensional semi-brittle structures using zero-
thickness interface elements, integrated within a finite element framework
and grounded in constitutive mechanics principles. Moreover, several
researchers, including Zhang et al. (2023), Si et al. (2024), and Zhang et
al. (2024) investigated crack nucleation processes in brittle materials
through both experimental and numerical approaches.

Pramana et al. (2024) carried out a study combining experimental and
computational analyses to understand crack propagation in Al 2024, with
a focus on developing loading spectra based on the Paris equation.
Numerous studies have also sought to determine and quantify stress
intensity factors (SIFs). For example, Montasser et al. (2023) applied
isometric analysis techniques for crack control, while Sadek et al. (2024)
used both the J-integral and CTOD methods to calculate SIFs in various
structural geometries.

Alshoaibi and Fageehi (2023) introduced the "split-knot" method in
fracture simulations to enhance crack path prediction through successive
linear segment growth. Bentahar et al. (2023) used the Extended Finite
Element Method (XFEM) to analyze inclined cracks and to evaluate energy
dissipation (ALLDMD) and deformation energy (ALLSE) during fatigue
crack progression.

Furthermore, Sedmak et al. (2024) demonstrated the effectiveness of
XFEM for simulating fatigue crack growth in welded joints, providing
reliable estimates of cycles to failure. A complementary study by Sedmak
et al. (2023) reinforced the value of XFEM for evaluating fatigue life through
comprehensive case studies. In another development, Alshoaibi and Ariffin
(2015) used a two-dimensional modeling approach to trace crack
trajectories and evaluate the lifespan of structural components in the
context of damage tolerance.

Finally, Rahman et al. (2024) examined crack development using
finite element techniques, focusing on self-healing materials where
fracture mechanics is coupled with oxidation kinetics.

The objective of the present work is to implement a novel
computational approach, CPCN-FEM (Crack Propagation via Coordinates
of Nodes — Finite Element Method), which allows for the accurate
construction of four key nodes along the crack front. This framework
enables not only the evaluation of stress intensity factors (K, and Ky), but
also the calculation of the crack orientation angle B. The methodology is
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applied to the crack propagation problem in an isotropic elastic material,
enabling detailed modeling of the crack trajectory through a step-by-step
numerical process.

Fracture mechanics

Criterion of Richard 2D

Richard's criterion, which is based on Ky, is superior to the toughness
Kic. Therefore, irregular crack growth occurs, as indicated by equation (1).

K=Kt K TesaoeK ) =K & ®

where Ky is influenced by the stress intensity factors (K, and Kj).

The Richard criterion provides excellent approximations for the
ultimate fracture surface, compared to the maximum tangential stress
criterion by Erdogan and Sih (1963). Equation (2) allows determining the
crack inclination angle ():

_T ° |K ||| . ° |K”|
ORI O [y [ ] @

where Kl and KII are the stress intensity factors corresponding to Mode |
and Mode II.

For K, greater than zero, angle B is less than zero and vice versa as
long as K, remains above zero.

2

Nuismer's criterion

The energy release rate indicator developed by Nuismer et al. (1975)
is based on the assumption of a short-duration curved crack (Figure 1).
Therefore, there are other parameters, such as the criterion by Amestoy et
al. (1980) which relies on the energy release rate and depicts crack
propagation in the context of 2D mixed-mode loading. The conclusions for
the crack deflection angles and the fracture limit curve correspond to those
of the maximum tangential stress criterion (Richard et al, 2004). Bilby and
Cardew (1975) address this criterion.
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Figure 1 - lllustration of crack propagation using Richard's criterion [31]

Stress field

For the coordinates r and 0, Tada et al. (2000) provided the equation
of the two-dimensional stress field close to the fracture tip, which is
described by the stress intensity factor K.

1 K Bl
o (r,0)= —f (0
Oi; ( ) \/m ( ) (3)
Ki, i is the SIF in Mode | and I,
O': ’;' is the stress field associated with Mode | and II.

Consequently, singular elements must be constructed to
precisely characterize the singularity field at the crack front. Since
the leading front method generates triangular elements from
boundary faces, the area surrounding the crack front must be
separated before generating singular elements (Zienkiewicz et al,
2005). First, nodes are created around the crack tip in a rosette
manner, then the node at the crack front and the associated edge
segments are extracted. The rosette elements are then constructed
by forming triangles as shown in Figure 2.

HI =

Figure 2 - Special finite elements quarter point around the crack front
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Figure 3 - Stress field around the crack front
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Stress Intensity Factor

Saverio et al. (2024) defined the stress intensity factor K as a
parameter which makes it possible to determine the state of stress
and strain at any point in the vicinity of the crack.

K ,=Rovar (5)
where R is the geometric correction factor of the model used.
2
a d
R =112-0.23] — |+10.6] —
L L

3 4

d d
217 — | +304 —

L L

where a is the crack length [mm] and L is the length of the structure.
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The stress intensity factor Kll is given by the relation

K,sind+K, (3sinfd-1)=0 (7)

Numerical model

We consider an elastic material structure of isotropic behavior, as
shown in Figure 4. The structure has a height B = 20 mm and a length L =
18 mm, and 4 node elements were used in this analysis. The structure is
subjected to a tensile stress applied to the upper surface of 6 = 110 MPa,
and the lower part is subjected to a fixed boundary condition. The
mechanical properties of the material (Aluminum Alloy, AA) are E = 72,400
MPa and Poisson's ratio v is 0.3.
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Figure 4 - CPCN-FEM model
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Figure 5 - a) stress field and b) crack propagation on the CPCN-FEM model

Figure 5 illustrates the crack propagation trajectory for different crack
inclination angles using the CPCN-FEM approach. Furthermore, Figure 5a
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illustrates the stress field in the vicinity of the crack front, and Figure 5b
shows the different contours around the crack front.

Strategy of the CPCN-FEM method

Creation of node coordinates by the Finite Element Method (CPCN-
FEM) at the crack front of each crack propagation stage comprises the
following steps:

Creation of the node coordinates for the first propagation, Fig. 6a;

Creation of the node coordinates for the second propagation, Fig. 6b;

Creation of the node coordinates for the third propagation Fig. 6c;

Creation of the node coordinates for the fourth propagation Fig. 6d;

Creation of the node coordinates for the fifth propagation Fig. 6e;

Creation of the node coordinates for the sixth propagation Fig. 6f.
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Figure 6 - Strategy of the CPCN-FEM method: a) 1%t propagation, b) 2" propagation, c)
3" propagation, d) 4™ propagation, e) 5" propagation and f) 6 propagation
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Coordinates of the nodes

Initial crack
Table 1 - Coordinates of the nodes on the initial crack front
Nodes Coordinates
X Y

2900 a-¢/2 +¢ /2
2100 a+p/2 +¢ /2
1300 a-¢/2 -4 /2
500 a+/2 -¢ /2

2900 2100

[ |

—»
500 1300

Figure 7 - Initial crack with length a with node numbering

The coordinates of the four nodes for the initial crack are given by
equation (8):

X=a-S 2
8

v-st ®)
where i=2900, 2100,1300 and 500 with S=1 for the X coordinate of 2900
and 500 and the Y coordinate of 2900 and 2100, and S= -1, for the X
coordinate of 2100 and 1300 and the Y coordinate of 500 and 1300.
Moreover, a is the crack length [mm], measured from the centerline of the
structure, ¢ is the total crack front length [mm], i.e., the span of the crack
opening in the Y-direction at the crack front, and S is a directional scaling
factor used to distribute the nodes symmetrically around the crack front.
Its values are S=%1, depending on the node location, to simplify the
expressions for X and Y coordinates in the crack plane.

The role of S is purely geometric: it ensures the correct sign for each
coordinate, so that nodes are placed in all four quadrants surrounding the
crack tip.
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The four nodes of the crack front

The second part of the study presents the crack propagation
coordinates of the nodes, obtained by the CPCN-FEM Finite Element
Method and explained using different equations based on the two axes (X
and ).

Consequently, for node 2900, we obtain equations (9) and (10) as
follows:

i-1 q

2 cos Z(,Bj)(—l)isini(ﬁj)‘ 9)

q=1
a is crack length, ¢ is crack front length and B is the angle of crack

inclination.
i sinzq:(ﬂj) + cos <zl:(ﬂj)>] (10)

q=1 j=1

X(2900) =a +§

Y(2900) = %

with i=1, ..,6.
Equations (11) and (12) describe the coordinates of node 2100.

Z cos Z(Bj)(—l)isin (i(ﬁ;)) (11)
+ cos (Z(ﬁ))]

X(2100) = a +%

with i=1, ..,6.
i i q i
¥(2100) = 2{cos Y () + Y sin Y (8)) + sin (2(@)] (12)
j=1 q=1 j=1 j=1

with i=1, ..,6.
Node 1300 is defined during crack propagation by the coordinate
obtained by equations (13) and (14).

i q i i
Z cos 2(,8]-) + cos Z(,Bj) + sinZ(ﬁj)] (13)
g=1  j=1 j=1 j=1

X(1300) = a +§
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with i=1, ..,6.

i q i i
Y(1300) =§ ZSinZ(ﬂj)+Sin2(ﬁj)_cosZ(lgj) (14)
q=1 j=1 j=1 j=1

with i=1, ..,6.
For the different stages of crack propagation concerning node 500,
we have the coordinates (15) and (16):

i q i
X(500) = a +% Z cos Z(ﬁj) + sin Z(ﬁj) (13)
qa= j= j=

with i=1, ..,6.
i

q i
rs00) = 2| Y sin Y (5)) - cos Y'(5)) (16)
Jj=1 j=1

q=1
with i=1, ..,6.

Results and discussion

Numerical validation and mesh convergence

To ensure the robustness of the numerical results, a convergence
study was carried out using different mesh densities around the crack front.
Several refined meshes were tested, including configurations with:

o Coarse mesh: average element size = 0.5 mm,
¢ Medium mesh: = 0.2 mm,
e Fine mesh: = 0.1 mm around the crack tip.

The stress intensity factor (SIF) K, was computed for each
configuration. Results showed that the relative variation of K, was below
2% between the medium and fine meshes, indicating that the solution is
mesh-independent at the chosen resolution.

In addition, the numerical results were validated against analytical
solutions for initial crack cases. The CPCN-FEM results showed excellent
agreement, with an average relative error below 5% in the linear elastic
fracture mechanics (LEFM) regime.

Computation time remained acceptable (less than 1 min per
propagation step) due to the localized refinement strategy and the use of
FORTRAN routines for node updates without global remeshing. We show
the different extents of the initial crack front, for the four nodes that form
the crack front. The nodes are numbered using the FORTRAN program,
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and the four nodes are plotted using equation (8) concerning the two
coordinates (X and Y), for the different crack lengths a =1, 2, 3, 3.5 mm.
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Figure 8 - Node coordinates by CPCN-FEM method with i= 2900, 2100, 1300 and 500
regarding crack length a=1, 2, 3, and 3.5mm
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Figure 9 - Variation of different crack front nodes for different crack angles: a) 8=-15°, -
20° b) B=-1.2°,-0.8° and ¢) B=1.5°, 3.0°
Figure 9 presents the variation of node positions in the X, Y plane,
based on the application of equations (9) to (16) for different crack
inclination angles: (a) p = —15° and —20°; (b) B = —1.2° and —0.8°; and (c)
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B = 1.5° and 3.0°. Each configuration reveals that the nodes undergo a
shift along both the X and Y axes, with the displacement interval in the X-
direction depending significantly on the angle B. For instance, when 3 = —
20°, the X-coordinate varies between approximately 3.33 mm and 4.61
mm, while for B = —15°, it ranges from 3.375 mm to 4.6 mm. These results
indicate that as the crack propagates, the inclination angle tends to
increase, influencing the deformation of the surrounding nodes. These
variations can be attributed to the redistribution of stress fields around the
crack tip, which becomes more anisotropic with increasing B. This
anisotropy leads to directional displacement patterns in the material,
especially in heterogeneous media, where crack paths are highly sensitive
to local mechanical contrasts. Such behavior aligns with recent studies in
fracture mechanics, which highlight that crack propagation often follows
directions of maximum energy release or stress intensity (Worthington et
al, 2023). The CPCN-FEM approach used here effectively captures these
complex interactions between crack orientation and mechanical response,
demonstrating its reliability for modeling advanced crack growth scenarios.

T T T H T H LI
0.6 * — ' ' :
—=— crack trajectory i
0.4 |—*— CNP1l(o=-15%) |
—a— CNP2(0= -0.8°)
027 CNP3(c= 1.5%) |
0.0 - -
B 024
1 O T
064
084 !
1 O L A O NSO R
T T ; T T
0 1 2 3 4 5 6

K(mm)

Figure 10 - Comparison between three propagations by the CPCN-FEM method
concerning the three angles: §=-15°, -0.8° and =1.5°

Figure 10 illustrates a comparison between three crack propagation
scenarios, each inclined by a different angle: § = -15°, —0.8°, and 1.5°, as
modeled using the CPCN-FEM approach. The crack trajectory, which
extends up to a propagation length of a = 3.5 mm, is described by equation
(8), while the propagation of each configuration is governed by equations
(9) through (16). The figure clearly demonstrates that the CPCN-FEM
method accurately captures the step-by-step evolution of the crack front
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for various inclination angles without requiring any modification of the
global mesh. This highlights one of the method’s key advantages: the
ability to model complex crack paths in a continuous domain with high
precision. Physically, the observed differences in crack advancement for
the three inclination angles can be attributed to the redistribution of local
stress fields and the directional dependency of crack growth mechanisms.
As the angle increases, the deviation of the crack front becomes more
evident, reflecting the influence of anisotropy and the material’s fracture
resistance along different paths. These results are consistent with the
findings of recent studies that emphasize the importance of incorporating
orientation-dependent criteria in predictive fracture models (e.g., Guizhong
et al, 2024). Overall, the CPCN-FEM method proves to be a robust and
efficient tool for simulating realistic crack propagation without
compromising mesh integrity.
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Figure 11 - Evolution of stress intensity factors by the CPCN-FEM method: a) first
propagation and b) second propagation

Figure 11 illustrates the variation of the stress intensity factors K; and
Ky as a function of the number of contours, computed using the CPCN-
FEM method. This analysis highlights the effectiveness of the numerical
approach in accurately characterizing the stress field near the crack front.

In the first configuration (Figure 11a), which corresponds to a straight
crack with an inclination angle B = 0°, K| increases gradually with the
number of contours, while K; remains nearly constant and close to zero.
This behavior indicates that the loading is predominantly Mode I, as
expected for a straight crack subjected to symmetric conditions. The
stability of K suggests that the stress field is well-resolved and that the
numerical formulation successfully isolates the mode components. The
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strong agreement between the CPCN-FEM results and the analytical
solution confirm the reliability of the method in modeling initial straight
crack propagation.

Figure 11b presents the case of an inclined crack at B = 15°, which
introduces a mixed-mode loading condition. Here, K, shows a similar trend
to the previous case, increasing with the number of contours. However, K
remains constant at a non-negligible value, indicating the contribution of
shear stresses due to the inclined crack front. Equations (8), (9), and (10)
were used to simulate the crack extension along appropriate directions,
accounting for the nodal positions along the crack front in both propagation
scenarios.

These results demonstrate that increasing the number of contours
improves the accuracy of K, estimation, while K;, though sensitive to the
crack orientation, remains relatively unaffected by this parameter. This
observation is consistent with the findings of Keprate et al. (2019), who
emphasized the role of contour selection and mesh refinement in the
accurate evaluation of stress intensity factors. Furthermore, recent studies
(Gdoutos et al., 2012; Fayed et al., 2017) have shown that combining
mode decomposition techniques with multi-contour integration enhances
the fidelity of numerical predictions, particularly in mixed-mode fracture
problems involving anisotropic or composite materials.

The good agreement between the CPCN-FEM results and the
analytical solutions across both cases reinforces the validity of the
numerical method. The approach proves to be robust for simulating crack
propagation in both straight and inclined configurations, accurately
capturing the relative contributions of Modes | and II.
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2 ! a - - 200 X » L] L L
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Figure 12 - Evolution of stress intensity factors by the CPCN-FEM method; a) third
propagation and b) fourth propagation
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Figure 12 shows the variation of the stress intensity factors K, and Kj
as a function of the number of contours for the third (Figure 12a) and fourth
(Figure 12b) crack propagation scenarios, using the CPCN-FEM method.
These cases correspond to more advanced stages of crack growth, where
the geometry and the stress field become increasingly complex.

In the third propagation case (Figure 12a), the values of K, increase
significantly with the number of contours, stabilizing around 120 MPavm.
This trend indicates a clear sensitivity of the stress intensity factor to the
extent of crack growth. The increase in Kjis consistent with the physical
expectation that a longer or more evolved crack experiences a higher
stress concentration at its tip. Meanwhile, K, remains low and nearly
constant, suggesting that Mode | still dominates and that the numerical
approach is effective in capturing the crack tip singularity in this
configuration.

In the fourth propagation case (Figure 12b), the values of K, are even
higher, reaching up to approximately 200 MPaym, which aligns with the
progression of the crack and the corresponding increase in energy release
rate. This rise in K, reflects the cumulative effect of crack length and
propagation angle, both of which contribute to intensified stress conditions
at the crack front. As in the previous case, K; remains stable across all
contours, further confirming that the CPCN-FEM method reliably separates
the contributions of each fracture mode.

These results support the theoretical understanding that the stress
intensity factor K, increases with crack length and propagation, as
confirmed in studies such as those by Fayed et al. (2017) and Kumar et al.
(2016), which highlight the dependency of fracture parameters on crack
geometry and material configuration. Furthermore, the consistent results
across multiple contours reflect the robustness of the CPCN-FEM
technique, especially in modeling cracks under complex, multi-stage
propagation paths. This is in agreement with findings from recent
numerical investigations (Chang et al, 2014), where multi-contour
techniques significantly improved accuracy in evaluating mixed-mode
fracture parameters.

Overall, the comparison with analytical solutions demonstrates that
the CPCN-FEM method remains accurate and effective, even in advanced
crack propagation cases involving large stress gradients. The results
underline its potential for reliable use in structural integrity assessments
and fracture mechanics simulations of complex geometries.
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Conclusion

In this study, a novel numerical approach, CPCN-FEM (Crack
Propagation via Coordinates of Nodes - Finite Element Method), was
developed and applied to simulate the progressive propagation of a crack
in an elastic, isotropic material. The method centers on the strategic
generation of four key nodes around the crack front to guide its directional
growth at each propagation stage. This approach enabled accurate
tracking of crack path geometry while maintaining a stable mesh
configuration, thanks to the FORTRAN-based node-updating algorithm.

One of the major contributions of this work lies in the ability of CPCN-
FEM to compute the stress intensity factors (SIFs) in Modes | and Il (K|
and K;), as well as to estimate the crack inclination angle (), with high
consistency across multiple propagation stages. The method’s validity was
confirmed through comparative analysis with classical analytical solutions,
showing excellent agreement in both crack trajectory and SIF values.
Additionally, the study demonstrated that changes in the crack angle result
in measurable and predictable variations in the positions of the key nodes,
reflecting the sensitivity and robustness of the proposed model.

By avoiding the need for full remeshing during crack growth, CPCN-
FEM offers a highly efficient solution suitable for large-scale simulations or
real-time fracture analysis. Its simplicity in node control, combined with its
compatibility with standard finite element frameworks, makes it an
attractive tool for researchers and engineers working in fracture
mechanics, fatigue analysis, and damage tolerance assessment.

Looking forward, this method can be further extended to account for
nonlinear material behavior, anisotropic properties, and thermal or
environmental effects. It also holds potential for integration with
experimental crack tracking data, enabling hybrid approaches for
validating simulation accuracy. Moreover, coupling the CPCN-FEM model
with adaptive meshing strategies and 3D implementations would
significantly enhance its applicability to more complex real-world structures
and loading conditions.

In conclusion, the CPCN-FEM method provides a reliable,
computationally efficient, and theoretically sound framework for analyzing
crack propagation in 2D elastic structures, paving the way for future
advancements in digital fracture mechanics.
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Sazetak:

Uvod/cilj: Cilj ovog rada je modeliranje Sirenja pukotina nastalih usled
zamora uvodenjem numericke metode CPCN-FEM (eng. Crack
Propagation by Coordinates of Nodes — Finite Element Method) koja
predvida putanje pukotina sistematskim generisanjem koordinata ¢vorova
oko fronta pukotine.

Metode: Pristup definise Cetiri glavna ¢vora za kontrolu pravca Sirenja i
izraCunava faktore intenziteta napona (K 1) i (K Il), kao i ugao nagiba
pukotine (B). Metoda je implementirana u FORTRAN-u radi automatizacije
pracenja c¢vorova, aZuriranja koordinata i postepenog napredovanja
pukotine u dvodimenzionalnom elasticnom izotropnom modelu. Simulacije
se sprovode i uporeduju sa analitickim re$enjima putanje pukotine koristeci
Ri¢ardov kriterijum za odredivanje orijentacije pukotine.

Rezultati: Numericki model je reprodukovao oCekivane putanje pukotina uz
visoko podudaranje sa analitickim predvidanjima i pokazao stabilno
ponasanje pomeranja kroz viSe slucajeva Sirenja. Integritet mreZe je ocuvan
tokom svih koraka Sirenja.

ZakljuGak: Rezultati pokazuju da metoda CPCN-FEM predstavija tacnu,
efikasnu i mrezno stabilnu tehniku za modeliranje Sirenja pukotina nastalih
usled zamora koja pruza pouzdana predvidanja evolucije putanje pukotine
u mehanici loma.

Kljuéne reci: Sirenje pukotina, faktor intenziteta napona (SIF), metoda
konacnih elemenata, CPCN-FEM, koordinate ¢vorova, mehanika loma.
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