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Abstract:

The flexibility and capability of continuum robots to navigate complex and
constrained environments make them highly suitable for diverse
applications, including minimally invasive surgery, industrial manipulation,
and exploratory operations in hazardous or confined spaces. Despite these
advantages, accurately modeling their kinematics and conducting
comprehensive workspace analysis, particularly for multi-section cable-
driven continuum robots with dual cross-module configurations, remain
significantly challenging. This study begins by presenting a design of a
three-section dual-cross cable-driven continuum robot. The forward
kinematics model is analytically derived based on the constant curvature
assumption, while the inverse kinematics model is formulated as an
optimization problem. To support trajectory generation, the robot's
workspace is analyzed using MATLAB and SOLIDWORKS software. The
simulation example illustrates the robot's trajectory-tracking performance.

Key words: continuum robot, cable-driven continuum robot, kinematics
modeling, workspace analysis, trajectory tracking

Introduction

Continuum robots have attracted significant attention in recent years

their exceptional shape-morphing capabilities, expansive

workspaces, and adaptability to navigate complex environments. Inspired
by biological organisms (Hannan & Walker, 2003; McMahan et al, 2004),
these robots feature continuous, flexible movement, enabling safe
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operation in obstacle-rich settings. Their capacity to adopt diverse
configurations makes them highly versatile, with notable applications in
minimally invasive surgery (Burgner-Kahrs et al, 2015) and industrial
manipulation within confined spaces (Liu et al, 2016).

According to the literature, there are several types of continuum
robots, including flexible and rigid ones. This paper focuses on a rigid type
known as cable-driven continuum robots. These robots use cables for
actuation instead of traditional rigid components (Hemami, 1985; Murphy
et al, 2013). This approach offers advantages such as reduced weight,
increased flexibility, and a more compact form factor, which are particularly
valuable for tasks that require high adaptability in constrained
environments. Additionally, cable-driven robots can provide enhanced
safety in delicate applications due to their soft, non-colliding nature.
However, while these benefits enhance the robot's capabilities, they also
present challenges related to precise control and accurate prediction of
the robot's movement, due to the nonlinear mathematical expressions that
govern its kinematic and dynamic behavior and the associated modeling
complexities.

Kinematic modeling of CDCRs is essential for describing and
analyzing their movements without considering the forces that cause them,
with the aim of predicting the position, velocity, and orientation of the
robot's components. This is crucial for ensuring precise kinematic control,
workspace generation, and trajectory planning, especially in complex
environments where precision and adaptability are essential. However,
one of the primary challenges is modeling the robot's deformation during
its motion. This challenge is often simplified using various methods, such
as those proposed by Linn (2016), Mahl (2014), Amouri (2019), and
Webster & Jones (2010). In Linn (2016) and Mahl (2014), the authors treat
the robot's backbone as a one-dimensional elastic rod with bending and
twisting characteristics. Nevertheless, the constant curvature assumption
(Amouri, 2019; Webster & Jones, 2010) offers the simplest approach. This
assumption allows each section of the robot to be represented as a curve
with a constant radius, thereby simplifying the complex behavior of a
flexible, multi-sectional system into a more manageable form. While this
approach provides an effective approximation for many applications, it
may not fully capture the intricacies of the robot's deformation in highly
dynamic or constrained environments. Further refinements and models
may be required for more accurate predictions in such cases.

In the same context, focusing on a specific type of cable-driven
continuum robot known as the Dual Cross-Module Cable-Driven
Continuum Robot, only a few kinematic studies have been proposed in the
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literature (Zhou et al, 2022; Amouiri et al, 2023). In Zhou et al. (2022) and
Amouri et al. (2023), the authors introduced a bio-inspired novel dual
cross-module section cable-driven continuum robot that combines the
flexibility of continuum robots with the stability of rigid robots. These papers
presented the design and kinematics of the manipulator. However, Zhou
et al. (2022) did not address several important aspects such as
generalizing the inverse kinematic model and calculating the robot’s
workspace. In contrast, Amouri et al. (2023) focused on a robot with two
sections. However, a robot with fewer than three sections faces significant
limitations, as it lacks the necessary Degrees of Freedom (DoFs) to
independently adjust both position and orientation. Consequently, such a
robot is constrained to a limited set of feasible trajectories and cannot
achieve the same level of versatility in motion. In this study, we explore the
design and kinematic modeling of a dual cross-module cable-driven
continuum robot with three sections. This approach aims to address the
limitations associated with fewer sections and provide a more versatile
solution for complex tasks.

This paper begins by presenting an overview of the robot's design and
structural components. Next, kinematic models are developed under the
constant kinematic assumption. The forward kinematic models are derived
analytically, while the inverse kinematic model for the entire robot is
formulated as an optimization problem and solved using Knowledge-
Based Particle Swarm Optimization. Additionally, the workspaces of a
module and a section are generated and analyzed. Subsequently, a
simulation example is presented to illustrate line-shaped trajectory tracking
with a fixed end-tip orientation of the robot. Lastly, the main conclusions
and future perspectives are summarized in the final section.

Design of a dual-cross module continuum robot

Similar to the work of Amouri et al. (2023), the robot developed in this
study is a fish-like, bio-inspired continuum robot designed to balance
rigidity and flexibility, allowing it to seamlessly adapt to diverse
environments and effectively perform a wide range of tasks. By mimicking
the structural adaptability found in biological organisms, this robot can
navigate complex or constrained spaces, providing both the strength
necessary for stability and the flexibility required for maneuverability. Its
unique design enables smooth, continuous movements, making it ideal for
a wide range of applications.

The robot consists of two main parts: rigid components and flexible
backbones. The rigid components provide stability and contain the
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actuation cables, while the flexible backbones enable a wider workspace
and greater range of motion. The backbone is made of rectangular elastic
sheets, each measuring 90 mm in length, 26 mm in width, and 3.4 mm in
thickness, and is constructed from ASTM X36 steel which provides the
necessary flexibility for the robot’s operation. The rigid components, in the
form of cross-shaped sheets, are made from a lightweight 3D-printed ABS
material, chosen for its low weight and suitability for constrained
environments. The advantage of using this cross-shaped design, rather
than the traditional disk shape, is that it conserves material, reduces
weight, and makes the robot better suited for navigating tight spaces. For
more details on the design development and illustrations, refer to (Amouri
et al, 2023). In summary, a rectangular elastic sheet and 15 cross-shaped
sheets, with uniform spacing between them, form a module that enables
2D motion. Subsequently, two successively mounted modules create a
section enabling 3D motion. The entire robot under consideration is
composed of three sections.

Typically, common designs use three or four cables per module,
arranged symmetrically around the backbone. However, in this design,
each module is actuated by only two cables, reducing the complexity of
actuation and control while requiring fewer motors. The guiding holes in
the cross-shaped sheets ensure that the cables form an arc-like shape
within the designated bending module. In theory, as the number of cross-
shaped sheets increases, the bending shape of the cables will become
more circular.

Kinematic modeling

Description of a dual-cross module continuum robot

The systematic development of kinematic models requires, first and
foremost, an appropriate method for describing the morphology of the
robot. Various methods and notations have been proposed in the literature
for the kinematic description of continuum robots (Webster & Jones, 2010;
Jones & Walker, 2006). In this context, the constant curvature assumption
is employed, wherein the central axis of the structure is considered
inextensible. This approach simplifies several modeling challenges and
enables a more efficient representation of the robot's kinematics, as
illustrated in Figure 1 (for further details on the development, refer to
(Amouri, 2017).
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Actuation
space

< Inverse kinematics :

Figure 1 — Overview of the kinematic mapping of a continuum robot using the constant
curvature assumption

However, this assumption holds only under specific conditions: (i) the
gravitational influence on the robot is disregarded; (ii) only the controlling
forces from the cables are considered, while all other external forces are
neglected; (iii) the frictional interaction between the cables and the routing
holes is ignored; (iv) the elastic sheet backbone is assumed to undergo
pure bending without any expansion, contraction, or torsion; and (v) the
cable is treated as inextensible, meaning it cannot stretch or extend.

To define the quantities involved in the kinematic description of the
robot under consideration, four primary reference frames are established.
The first is the absolute frame R,,. Next, the frames R, with k = 1,2,3, are
assigned to the upper cross-shaped sheet of each section k, while the
frame R, is fixed at the base of the first section (Figure 2a). Additionally,
three intermediate frames R;,;, designated for the first module of each
section, provide a localized reference for kinematic calculations (Figure
2b).

As previously mentioned, each module is modeled as an inextensible
circular arc lying in a plane, as illustrated in Figure 2 (Amouri et al, 2023).
This arc is characterized by its length ¢; , and its bending angle 6; ;. In this

configuration, the orientation angle ¢;, of each module, with j = 1,2, is
equal to 0 and /2, respectively.
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Figure 2 — Depiction of the reference frames defined for the three-section dual-cross
cable-driven continuum robot: (a) global reference frames, and (b) intermediate frames

Forward kinematics of the module

Typically, the forward kinematic model of such a robot serves as the
foundational step in the modeling process. This subsection aims to
establish a relationship that predicts the position and orientation of the
module's end-tip based on the varying lengths of the actuation cables. This
relationship is described by the following homogeneous transformation
matrix:

R; P;
o= | Tk Tk
H],k 01><3 1 (1)

where R;; represents the 3 x 3 rotation matrix R;;, and P;, denotes the

3 x 1 vector position. These components are determined using the
following equations:

Rj,k = rot(u, 0]-,,() (2)

|(xj'k = %(1 — cos(Gj,k)) cos(goj,k)
Py = 1yj,k = 21— os(80)sin(o)

k Zix = sm( x)
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where u represents the axis of rotation, which aligns with the y —axis for
the first module and the x —axis for the second module, respectively.
On the other hand, the relationship between the cable lengths [; ;

and the bending angle 6; , can be expressed by the following equation:
£ —ALj,
gj’k = # (4)
where Al ; ; represents the value of the change in cable length due to
bending, and r denotes the radial distance between the cables and the
neutral z —axis of the backbone.

Forward kinematics of the section

The forward kinematic model of the section k describes the
relationships that express the expression of the position and orientation of
the upper cross-shaped sheet as a function of the cable lengths. As
previously mentioned, the section k consists of two modules connected in
series. This model can be obtained by successively multiplying the
transformation matrices of each module (j, k), treating them as a simple
open-chain system. This model is represented by the following
transformation matrix:

Hy = 1721 Hj (5)

Forward kinematics of the entire robot

The forward kinematic model of the multi-sectional robot is obtained
by successively multiplying the transformation matrices of each section k
along with the transformation matrix of the static reference frame. The
resulting matrix is expressed by the following equation:
Hy = Ho [T He = [0 7 (6)
where H, represents the transformation matrix that defines the robot’s
base frame R, with respect to the global reference frame R,,.

Workspace analysis

The determination of the workspace is a crucial aspect in the design
of a robot, as it defines its range of motion and determines the set of points
that can be reached during its operation. This section focuses on
determining and analyzing the workspace of the module, the section, and
the entire robot, respectively.

Figure 3 illustrates the workspace of the modules within a section as
they bend independently, forming a set of points that trace a curve. These
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curves are plotted for bending angles in the range [—r/2,7/2] which
represents the maximum values that prevent overlap between adjacent
cross-shaped sheets.

Wakspace

X (mim)

Figure 3 — Workspace of a single module within a section as it bends independently: (a)
workspace of the first module during bending, and (b) workspace of the second module
during bending. For clarity, the intermediate cross-shaped sheets and the rectangular
backbones are not shown

For such a section, this results in an enveloping surface, as shown in
Figure 4. The figure also includes the workspace of a section with a
cylindrical backbone. These workspaces were computed using Solidworks
software.

(a) (b)

Figure 4 — Workspace of a single section: (a) workspace of the section for the considered
robot, and (b) workspace of a section for a robot with a cylindrical backbone
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Despite the differences in their shapes, the areas of the workspaces
are equivalent, as demonstrated in Figure 5. This difference in workspace
shape is advantageous for the robot when adapting to tasks requiring
diverse movement patterns or navigating through constrained
environments, as it provides greater flexibility and operational versatility.
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Figure 5 — Meshing process for calculating the area of a single section: (a) section of the
considered robot, and (b) section of a robot with a cylindrical backbone

However, for a three-section dual-cross cable-driven continuum robot
or any robot with more than two sections, the workspace extends from a
curve or surface to a three-dimensional volume. This volumetric
workspace encompasses all possible positions and orientations that the
robot's end-tip can achieve within its physical constraints. The complexity
of this workspace increases with the number of sections, making its
representation challenging to comprehend.

Inverse kinematics of the entire robot: optimized
problem formulation

The hyper-redundancy of the robot enables the inverse kinematics
problem to be addressed using an optimization algorithm that minimizes a
quadratic criterion (lgbal et al, 2009). While previous studies considered
only the Cartesian position in the cost function (Amouri et al, 2023), this
work incorporates both the Cartesian position and the orientation of the
robot's end-tip. Accordingly, the cost function to be optimized, which
determines the necessary adjustments in the actuation cables for the
robot's end-tip to accurately follow the desired trajectory, is formulated as:
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F(ej,k) = )\”Ptrajet - P3||2 + (1 - 7\)||l_)trajet - F3”2
s.t.
|9j,k| < gmax

where Py and Ftra,-et are the 3 x 1 vectors representing the desired
Cartesian position and the orientation of the robot's end-tip, respectively.
Similarly, P; and P; denote the actual position and orientation of the robot’s
end-tip. The parameter A is set to 0.5 to balance the position and
orientation objectives. The components of the vector P; correspond to the
fourth column of the matrix Hs, as defined in Equation (6), while P; can be
computed based on the rotation matrix R; using the following equation:

( a=tan"! (rz—l)
i1

— -r
={b=tan! (—31 )
3 4 r'11CO+TI51Sa (8)
— r13SQX—ry3CA
c=tan™? (—13 2 )
—I1,S0+T5,C0

where r,,, is the (n, m) element of the direction cosine matrix R;.

To solve this optimization problem, various algorithms can be
employed. As demonstrated in, the Knowledge-based Particle Swarm
Optimization (Kb-PSO) algorithm, originally proposed by (Kennedy &
Eberhart, 1995), is utilized due to its simplicity and fast convergence
properties. The algorithm ensures efficient computation and reliable
results, making it well-suited for the inverse kinematics problem of hyper-
redundant robots.

Simulation results

This section presents the application of the solution to the inverse
kinematics problem of a three-section dual-cross cable-driven continuum
robot, formulated as an optimization problem and addressed through
numerical simulation. The reference trajectory is defined as follows:

x =10t _ a=0
Ptraljet =3y =10t ,and Ptraljet =1b=0 9)
z =540 — 10t c=0

The simulation results, which illustrate the required bending angles,
execution time, and combined error for tracking a line-shaped trajectory
while maintaining a fixed end-tip orientation, are presented in Figures 6, 7,
and 8, respectively.
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Figure 6 — Required bending angles to track the line-shaped trajectory in a fixed robot’s
end tip orientation
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Figure 7 — Combined error for tracking the line-shaped trajectory with a fixed robot end-tip
orientation
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Figure 8 — Execution time for tracking the line-shaped trajectory with a fixed robot end-tip
orientation

The combined error, shown in Figure 7, quantifies the deviation
between the desired and actual end-tip configuration. Specifically, it
represents the weighted sum of the mean squared errors in both position
and orientation. The position error is measured as the squared Euclidean
distance in the three-dimensional space, while the orientation error is
computed as the squared deviation in a three-dimensional representation
of orientation. Thus, the combined error accounts for discrepancies across
six dimensions: three for position and three for orientation.

Conclusion

This paper introduces the design, kinematic modeling, and workspace
analysis of a novel Multi-Dual Cross-Module Cable-Driven Continuum
Robot. The proposed robot consists of three sections, each incorporating
two planar bending modules. Unlike previous designs in the literature, this
configuration enhances adaptability to diverse environments and expands
the range of possible tasks. Additionally, it offers several advantages,
including a lightweight structure, smooth deformation, enhanced rigidity,
lower energy consumption, and a non-uniform workspace.

First, the principal components and materials of the proposed design
are discussed in detail. Second, the forward kinematic model is developed
using the constant curvature assumption, and the workspaces of the robot,
as well as those of the section and module individually, are generated and
analyzed using MATLAB and SOLIDWORKS. Given the complexity and
highly nonlinear nature of the forward kinematic model, the inverse
kinematics problem is formulated as an optimization task with a quadratic
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cost function that accounts for both the position and orientation of the
robot’s end-tip. This optimization problem is solved using the Knowledge-
based Particle Swarm Optimization (Kb-PSO) algorithm. Finally, to
demonstrate the effectiveness of the Kb-PSO algorithm in solving the
inverse kinematics problem, a numerical example of point-to-point tracking
along a line-shaped trajectory is presented.

As a future perspective, the dynamic model of the robot will be
developed, and both classical and advanced control strategies will be
implemented to further enhance its capabilities.
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Modelado cinematico y andlisis del espacio de trabajo de un robot
continuo accionado por cable con médulos cruzados multidual
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Mecanica, Laboratorio de Mecanica, Argelia
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TIPO DE ARTICULO: Articulo cientifico original.

Resumen:

La flexibilidad y capacidad de los robots continuos para navegar en
entornos complejos y restringidos los hacen muy adecuados para diversas
aplicaciones, como cirugia minimamente invasiva, manipulacién industrial
y operaciones exploratorias en espacios peligrosos o confinados. A pesar
de estas ventajas, modelar con precision su cinematica y realizar un
analisis exhaustivo del espacio de trabajo, en particular para robots
continuos multiseccién accionados por cable con configuraciones de doble
mddulo cruzado, sigue siendo un desafio considerable. Este estudio
comienza presentando el disefio de un robot continuo de tres secciones
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accionado por cable de doble mdédulo cruzado. EI modelo de cinematica
directa se deriva analiticamente con base en el supuesto de curvatura
constante, mientras que el modelo de cinematica inversa se formula como
un problema de optimizacion. Para facilitar la generacién de trayectorias, el
espacio de ftrabajo del robot se analiza mediante MATLAB y
SOLIDWORKS. EI ejemplo de simulacion ilustra el rendimiento de
seguimiento de trayectoria del robot.

Palabras clave: robot continuo, robot continuo accionado por cable,
modelado cinematico, analisis del espacio de trabajo, seguimiento de
trayectoria
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Pestome:

Tubkocmb u criocobHocmb pobomoe  HerpepbisHo20 delicmeust
OpueHMUPOBamMbCsl 8 CIIOXKHbLIX U CIMECHEHHbIX ycriosusix Oefiaom UX
yO0bHbIMU O MPUMEHEHUSI 8 PasfiudHbIX  cghepax, BKIovasi
MariouHeasuBHyr  XUPYpauto,  MPOMbBIWIIEHHbIE — MaHUMymasyuu U
rouckosbie  pabombl 80  83PbIBOOMNACHbIX  UAU  3aMKHYMbIX
npocmpaHcmeax. Hecmompss Ha amu npeumyujecmea, MOYHOe
ModeriuposaHue Ux KUHeMamuku U rposedeHue 8CECMOPOHHE20 aHasu3a
paboyezo npocmpaHcmea, 0CobeHHO Orisi MHO20CEKUUOHHbLIX pobomos
HerpepbligHo20 Oelicmeusi ¢ MpPocosbiM npueodom U 08yXMOOyribHOU
KOHbuzypayuel, sce euwje ocmaemcsi crioxHou 3adadvel. B nepsgoli yacmu
cmambUu rnpedcmasieHa KOHCMPYKUUST MPexceyUoHHO20 rnaparsinennbsHo20
poboma HernpepbisHo20 delicmeusi ¢ mpocosbiM rpusodom. Moderb
npsmoll  KuHemamuku  paspabomaHa aHaniumuyecku Ha OCHose
rpedronIoXeHUs O OCMOSIHHOU Kpueu3He, 8 mOo epeMs Kak Moloerib
obpamHoU KuHeMamuKu ¢hopMynupyemcsi kak 3adada ro onmumusayuu.
Ana  eeHepayuu mpaekmopuu pabodee rnpocmpaHcmeo poboma
aHanu3upyemcsi ¢ ucrionb3o8aHueM ripoepammHbix nakemos MATLAB u
SOLIDWORKS. lMpumep modernuposaHusi riokasbleaem
3aghghekmuUBHOCMb OMCIIEXUBaHUS mpaekmopuu poboma.

KnioueBble  cnoBa:  poBOT  HeMnpepbIBHOTO  AEWCTBUs,  pobom
HerpepblgHo20 delicmeusi C TPOCOBbIM MPUBOAOM, KMHEMAaTU4eCckoe
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MOZEenupoBaHue, aHanu3 paboyero MNPOCTPaHCTBA, OTCNEeXuBaHue
TpaeKTopuu.

KnHemaTnuko MoaenoBawe 1 aHann3a pagHor NpocTopa BULLECTPYKO
AyanHor yHakpcHO-MoaynapHor kabrnoBcku BOReHOr KOHTUHYarnHor
poboTa
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Caxemak:

@riekcuburiHocm U criocobHOCM KOHMUHYarnHuUx poboma Oa ce cHanase y
CITOXEeHUM U O2PaHUYEHUM OKPY)XerUMa YUHU UX 8eoMa roeo0HUM 3a
pasHospcHe rpuMeHe y obriacmuma Kao Wimo Cy MUHUMAarIHO UH8aH3UBHa
Xxupypauja, UHOYCMPUJCKO pyKogsar-e U ucmpaxueadyke ornepauuje y
onacHuM umnu CKyYeHum rpocmopuma. M rnoped oesaksux rpedHocmu,
npeyusHo Moderiogarbe  HUX08€  KUHEMamuke U  cripogohere
ceeobyxgamHe aHasnuse padHoe rpocmopa (Hapo4yumo Kada je pedy o
suwedennHom kabroscku 8ofjeHoM  KOHMuUHyarHoOM pobomy ca
d80CMpYKUM YHaKpCHO-MOOyrnapHUM KOHgbuaypauujama) npedcmasrbajy
3HavajaH u3a308. paldy je npedcmasrbeH [pojekam MmpooOesiHoe
080CMpPYKOYHaKpPCHO2 Kabrio8CKu 60ReHo2 KOHMUHyanHoe poboma.
Moden dupekmHe KuHemamuke U38e0eH je aHalumu4yKuM rymeMm Ha
OCHOBY Npemriocmaske 0 KOHCMaHmHOoj 3aKkpuerbeHocmu, 00K je Moden
UHBepP3He KuHeMamuke ¢hopMyriucaH Kao rpobnem onmumu3sayuje. Padu
2eHepucarba nymarse, padHu rpocmop poboma aHanu3upaH je y3 nomoh
cogpmeepckux nakema MATLAB u SOLIDWORKS. lNpumep cumynayuje
unycmpyje nepghopmarce rpahersa nymare poboma.

KrbyyHe pedu: KOHmMuHyasiHu pobom, kabroecku 60ReH KOHMUHyasHu
pobom, wmodernogare KUHEMamuke, aHasusa padHoe fpocmopa,
npahere nymar-e
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