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Abstract:

Introduction: This paper focuses on extending the theory of fixed points
in S-metric spaces by introducing new generalized contractive condi-
tions. These developments aim to enrich the analytical tools available
for studying such spaces.

Methods: A variety of fixed-point theorems is established by applying the
newly defined contractive conditions. The methodology includes both
standard and integral-type contractive mappings. Furthermore, a geo-
metric approach is utilized to obtain novel fixed-circle theorems within
the S-metric framework.

Results: Several fixed-point and fixed-circle theorems are proved under
the proposed conditions. lllustrative examples are provided to validate
the theoretical findings and demonstrate the applicability of the results.

Conclusion: The findings of this study not only broaden the scope of
fixed-point theory in S-metric spaces but also offer potential implications
for real-world applications. In particular, the results may contribute to
developments in computational mathematics and the design of neural
network activation functions.
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tion, integral-type contraction, fixed-circle, geometric approach, activa-
tion function, neural networks.
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Introduction and preliminaries

Fixed-point theory has far-reaching implications in mathematics and its
applications to other disciplines. One of its most significant contributions is
in the realm of dynamical systems, where it is used to analyze equilibrium
points or steady states. For example, in economics, fixed points help to
model market equilibria, where no participant has an incentive to change
their strategy. In game theory, Nash equilibrium points are essentially fixed
points of certain types of functions. Furthermore, in computational mathe-
matics, algorithms such as those used in optimization or numerical meth-
ods often rely on fixed point results to guarantee convergence. The general
idea that under certain conditions a system will reach a state of stability is a
profound insight that has shaped much of theoretical and applied research.

Metric spaces are crucial for studying the topological properties of
spaces, such as continuity, compactness, and convergence. They pro-
vide a framework for understanding distance-based relationships between
objects in various fields, from analysis to geometric topology. For example,
the concept of convergence in a metric space allows mathematicians to rig-
orously define limits and study the behavior of sequences and functions.
Metric spaces are particularly important in functional analysis and measure
theory, where the behavior of functions or sequences within these spaces
is a key focus.

On the other hand, generalized metric spaces, including S-metric
spaces (Sedghi et al, 2012), broaden the scope by allowing non-separable
points, making them useful in settings like group theory or quotient spaces.
S-metric spaces extend the traditional concept of metric spaces by incorpo-
rating a three-variable distance function, which enables more flexible mod-
eling of geometric and topological structures. These spaces can model
scenarios where traditional distance functions fail to capture equivalence
relations or where the notion of “closeness” is not strict. In essence, gener-
alized metric spaces offer a more flexible structure, which can be applied to
various advanced topics in algebraic topology, category theory, and even
computer science, especially in the study of data structures and approxi-
mation methods, for more details, see (Fetouci & Radenovic, 2009; Igbal
et al, 2024; Bimol et al, 2024).

Both metric and generalized metric spaces are foundational for many
modern branches of mathematics, and their applications extend to fields
such as signal processing, machine learning, network theory, and math-
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ematical physics, underscoring their importance beyond theoretical inves-
tigations. These concepts help mathematicians and scientists model and
understand complex phenomena in an increasingly interconnected world.

The paper by Ozgiir NY and Tas N., titled “Some Fixed-Circle Theorems
on Metric Spaces”, published in the Bulletin of the Malaysian Mathematical
Sciences Society (Ozgir & Tas, 2019a), explores important fixed-point re-
sults in the context of metric spaces, specifically focusing on “fixed-circle”
theorems. In this study, the authors extend and generalize classical fixed
point theorems by introducing new conditions under which fixed points can
be guaranteed. Their work contributes to a deeper understanding of the
structure of metric spaces and the behavior of certain types of mappings
that preserve geometric properties, such as distance. These findings are
significant for both theoretical and applied mathematics, as fixed point the-
orems play a crucial role in the areas such as dynamical systems, game
theory, and optimization. By providing novel results in the realm of metric
spaces, this research opens new pathways for investigating equilibrium so-
lutions and offers tools for solving complex problems across various math-
ematical and interdisciplinary domains. The importance of this paper lies in
its potential applications to both pure and applied fields, including analysis,
topology, and computational mathematics.

By the above motivations, in this paper, we introduce some generalized
contractive conditions on S-metric spaces. Using these new contractions,
we prove some fixed-point theorem and integral type fixed-point theorems
on S-metric spaces. Also, using the geometric approach, we obtain new
fixed-circle results on S-metric spaces with necessary examples. Finally,
in the conclusion section, we mention the importance of this paper with an
example of activation functions.

The following is a definition of the concept of an S-metric space that was
provided by Sedghi, Shobe, and Aliouche:

DEFINITION 1. (Sedghi et al, 2012) Let X be a nonempty set. An S-metric
on X is a function S : X x X x X — [0,+00) that satisfies the following
conditions for all z,y,z,a € X :

(81) S(z,y,z) =0ifandonlyifx =y = 2,
(S2) S(z,y,2) < S(z,z,a)+ S (y,y,a) + S (z,2,a).
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The pair (X, S) is called an S-metric space.
For an S-metric space, the symmetry condition can be considered as
follows:

S(%%ZU) = S(yaya .%')
for all z,y € X (Sedghi et al, 2012).

EXAMPLE 1. (Sedghi et al, 2012) Let R be the real line. Then
S(IL’,y,Z) = ’.'IZ—Z| + |y_2‘

forall z,y, z € R is an S-metric on R. This S-metric on R is called the usual
S-metric.

EXAMPLE 2. Let X = R and
S(‘T’y)z) = \y+z—2x| + |y—Z‘

for all z,y,z € X. Then, (X, S) is an S-metric space (Sedghi et al, 2012).
But this S-metric cannot be generated by any metric (Hieu et al, 2015) .

ExAMPLE 3. (Ozgir & Tas, 2017) Let X = R and define the function
S(@,y,2) = o —z[+ ]z + 2 = 2y

for all z,y,z € X. Then, (X,S) is an S-metric space. But this S-metric
cannot be generated by any metric.

DEFINITION 2. (Sedghi et al, 2012) Let (X, S) be an S-metric space.

1. A sequence {z,} C X converges to x € X if S(zy,2,,) — 0 as
n — 400.

2. A sequence {z,} C X is a Cauchy sequence if S (xy, xn,zmy) — 0
as n,m — +00.

3. The S-metric space (X, S) is complete if every Cauchy sequence is
a convergent sequence.

DEFINITION 3. (Sedghi et al, 2014) Let f : X — Y be a map from an S-
metric space X to an S-metric space. Then f is continuous at x € X if and
only if f (xz,) — f (x) whenever z,, — x.
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As demonstrated in (Hieu et al, 2015) and (Ozgir & Tas, 2017), certain
S-metrics cannot be derived from standard metrics. Consequently, inves-
tigating new fixed-point theorems within the context of S-metric spaces is
essential.

A recent innovative approach to geometrically interpretations for fixed
points, known as the fixed-circle problem (Ozgir & Tas, 2019a), has
emerged. The following concepts are now recalled, as they were defined
in (Mlaiki et al, 2018), and (Ozgur & Tas, 2019b).

Let (X,S) be an S-metric space and 7' : X — X a self-mapping. A
circle C7 , and a disc D? . are defined by

C% ={ueX:Suumx)=r}

ZTo,T

and
DS :{UEX:S(uvuva)ST}a

To,T

with the center x5 € X and the radius r» > 0.

If Tz = z forall z € CZ . (resp. = € D3 ) then the circle C% . (resp.
the disc wa) is called the fixed circle (resp. fixed disc) of T

For every function ¥ : [0, +0c0) — [0, +00), let ¥ be the nth iterate of .
Then the following holds:

If ¥ is non-decreasing, then for each ¢ > 0, lim,,_,» ¥" (t) = 0 implies
U(t) < t (Raji et al, 2024).

In 2012, Samet et al. (Samet et al, 2012) introduced the class of a-
admissible mappings.

DEFINITION 4. (Samet et al, 2012) Let X be a nonempty set, T : X — X
and o : X x X — R*, we say that T is an a-admissible mapping if

x,y € X,a(x,y) > 1= a(Tx,Ty) > 1.

Main results

In this section, we give some fixed-point theorems on S-metric spaces
inspiring the approaches used in (Raji et al, 2024). Also, we present the
integral versions of our obtained results using the technique given in (Bran-
ciari, 2002). As a geometric approach, we obtain new fixed-circle results
on S-metric spaces.

740



Some fixed-point theorems on S-metric spaces

DEFINITION 5. Let (X, S) be an S-metric space and f : X — X be a self-
mapping. f is called a vy-ig-contractive mapping if there exist v : X x X x
X — [0,4+00) and ¢ € ¥ such that

V(@ 3,y) S (fz, fz, fy) < (A(z,y)),

for all z,y € X, where

S(x7x7y)7S(x7x7fx)75(y7y7fy)7
S(x,w:qf(w)s(y),y,fy)
x7x7y )
A (z,y) = max S(x,z, f2)S(y,y,fy)
S(z,z,y)+S (x,x, fy)+S(y,y,f )’
S(@,x, fz)S (2, fy)+5(y,y,f2)S(y,y, fy)
S(y,y,fr)+S(z,2,fy)

THEOREM 1. Let (X, S) be a complete S-metric space and f : X — X be a
~v-1hg-contractive mapping. If the following conditions are satisfied:

(¢) fis y-admissible,
(i7) there exists zp € X such that v (2, o, fzo) > 1, and

(¢¢¢) f is continuous,
then there exists a € X such that fa = a.

Proof. By (ii) , we say that there exists a point o € X such that

v (fxo, fxo, fro) > 1.

Let us define a sequence {z,} in X by fz,, = x,4; foralln > 0. If for some
n >0,

Tn = Tn+1,
then
f$n = Tn+1 = Tn,
and so z,, is a fixed point of f. On the contrary, we suppose that

Tn 7& Tn41,

for all n > 0. Since f is y-admissible, we get

v (zo, 0, fro) = v (w0, 20, 21) > 1
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= v (fxo, fro, fr1) = v (21,71, 22) > 1.

If we continue this process, we have

Y ('Tna L, $n+1) > 17
for all n > 0. Using the ~-yg-contractive mapping definition, we have
S (SUn-l—lv LTn+1, xn) = S (fxny fxn) fxn—l)

Y (.%'n, Tn, $n_1) S (fxm fxna fxn—l)
Y (A (Ty, Tn-1)) (1)

IN A

for all n > 1, where

A (.Z'n, wn—l) -

S (xna Tn, mn—l) , S (xm Tn, fxn) s S (':Un—17 Tn—1, fxn—l) s
S(-rvnxvnfxn)s(xnfl7xn717fxn—1)
S(Tn,Tn,Tn_1) ’
= max S(znaznvfxn)s(xn—l7x71717fxn—1)
S (@ Ty Tn—1)+S(Tny T, fTrn—1)+S(Tn—1,Tn—1,fTn)’
S(@n,Tn, fTn)S(@n, Tn,fTn—1)+S(@n—1,%n_1,fTn)S(Tn_1,%n_1,fTrn_1)
S(mn—l71'11—1:fmn)'i_s(wn:wn:fxn—l)

< maX{ S (-Tn,fljnuxn—l) ) S (xn’inuxn—l—l) ) S (x’n—17xn—17$n)a }
o S (xny Ln, $n+1) s S (xn’ Ln, l'n+1) s S (xnflv Tn—1, xn)

= max {S (Tn, Tn, Tn—1),S (Tn, Tn, Tni1)} -

By 1, we get

S (:cn+1,xn+1,xn) S w (max {S (.’L’n, xnaxn—l) 7S (mna .an,.’IZ'n+1)}) ’

forall n > 1.
Case 1: Let S (zp, oy, Tn—1) < S (Tpn, Tn, Tpy1) . Then we get

S (xn—i-la Tpy1, Tn) < Y (S (Tn, Tny Tpy1)) < S (mm TpyTrtl)

a contradiction.
Case 2: Let S (zy, pn, Tpt1) < S (Tp, Tn, Tp—1) . Then we have

S (I’n+1, xn+1axn) S w (S ('In,xna .’Enfl)) ’

forall n > 1. Using the mathematical induction, if we continue this process,
we obtain

S (Tpt1, Tng1,n) < P" (S (21,21, 20)) ,
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for all n > 1. Then, we get

n+k—1
S (fEnal'n,xn—i—k) < Z 21[)])5 (IL‘l, 1:171‘0) ) (2)

p=n

forall k > 1. By 2, if we take p — 400, we have
S (xnvwn7$n+k) — 07

and so {z, } is Cauchy. Using the completeness hypothesis, thereis a € X
such that

lim x, =a.
n—-+00

By (uii) , we have

fa= f( lim xn> = lim fz,= lim x,41 =a.

n—+400 n—-+00 n——+
Therefore, a is a fixed point of f. O

REMARK 1. Theorem 1 is an existence of a fixed point for the self-mapping
f with the continuity hypothesis.

In the following existence theorem, we do not use the continuity hypoth-
esis.

THEOREM 2. Let (X, S) be a complete S-metric space and f : X — X be a
~v-1pg-contractive mapping. If the following conditions are satisfied:

(¢) fis y-admissible,
(¢2) there exists xg € X such that ~ (z¢, zo, fzo) > 1, and

(ii¢) If {z,,} is a sequence in X such that v (z,, x,, z,+1) > 1 for all n and
xn, — ¢ € X as n — 400, then there is a subsequence {z,, } of {z,}
such that v (z,,, pn,, ) > 1 for all k,
then there is a € X such that fa = a.
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Proof. Using the proof of Theorem 1, we can say that the sequence {z,}
defined by

fan = Tn41,
for all n > 0, converges for some a € X. By (iii) , there is a subsequence
{zp, } of {z,} such that
’}/ (xnmxnk.y CL) Z 17
for all k. Using the -1y g-contractive mapping hypothesis, we obtain

S(xnk+17xnk+17fa‘) = S(fxnkvfxnkvfa‘)
< 7($nk)$nkua)5(f$nkafmnkafa)
< Y (A(zn,,a)), 3)

where

S (xnmxnm CL) 75 (xnk’ xnk’$nk+1) ’ S ((I, a, fa) ’
S(mnk ,znk,xnk“)S(a,a,fa)
S(wnk ,znk,a)
A (wnk,v a) = max S(xnk ,xnk,xnk+1)3(a,a,fa)
S((Lnk Ty, ,a)+S(znk Ty, ,fa)+S(a,a,znk+1) ’
S(:cnk,mnk_,xnk“ S .tnk,:Bnk,fa)+S(a,a,zn,k+1)S(a,a,fa)
S(a,a,mnk_,_l)—s—S(mnk - ,fa) y,

)

Let us take k£ — oo, we have

lim A (zp,,a)=S5(a,a, fa).

k——+o0

Now, we assume that S (a, a, fa) > 0. For large enough k&, we have
A(xp,,a) >0
and
¥ (A (zn,,a)) <A(zn,,a).
By 1, we obtain
S (xnk+1 9 mnk+17 fa) < A (‘rnlﬂ (l) .
Let us take k — +o0, we get
S(CL’a,fa) < S((I?a?fa)?

a contradiction. It should be S (a, a, fa) = 0, thatis, fa = a. Therefore, a is
a fixed point of f. O
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EXAMPLE 4. Let X = {(1,0),(0,1)} ¢ R? and define the S-metric as
S((@,y), (u,0),(a,0)) = |lu—al +u+a— 2|+ |v=b[ + Ju+b—2y,

for all (z,y), (u,v), (a,b) € X. Then, (X,95) is a complete S-metric space
and the S-metric is not generated by any metric. Let us define the self-
mapping f: X — X as

f(zy) = (z,y),
forall (z,y) € X. Itis clear that f is continuous. Also, the following inequal-
ity is satisfied for any ¢ € U,

v((2,9), (2,9), (w,0) S(f (2, 9), f (2,9), [ (u,0)) < (A((2,9), (u,0))),

forall (z,y), (u,v) € X, where

et em ={ o OIS

Then, f is a y-iyg-contractive mapping. Also, f is v-admissible. Indeed, for
all (z,y), (u,v), (a,b) € X, we get

v((z,9), (w,0),(a,0)) = 1
= (z,9) = (u,v) = (a,D)
— [(z,y) = f(u,v) = [(a,b)
= v (f(@9), f(u,0), f(a,)) > 1.
Also, for all (z,y) € X, we have

v (2, 9), (u,v), (a,b)) = 1.

Hence, the conditions of Theorem 1 are satisfied. On the other hand, if
{(zn,yn)} is a sequence in X that converges to some point (a,b) € X with

¥ (@nsYn) s (TnsYn) » (a,0)) > 1,
for all n, then by the definition of v, we get
(l‘n, yn) = (av b) )
for all n, which implies that

¥ ((#n,Yn) s (Tns yn) 5 (@, b)) = 1.

So, the conditions of Theorem 2 are satisfied. Consequently, f has two
fixed points in X, that is, Fiz (f) = X.

745

Tas, N. et al., Some fixed point theorems via - s-contractions on S-metric spaces, pp.736—762



@i VOJNOTEHNICKI GLASNIK / MILITARY TECHNICAL COURIER, 2025, Vol. 73, Issue 3

REMARK 2. From Example 4, it can be said that the fixed points of a given
self-mapping which satisfies the conditions Theorem 1 (or Theorem 2) can-
not be unique. For this reason, it is important to investigate the uniqueness
conditions for the existence theorems. For this purpose, we consider the
following condition:

(tv) Thereis z € X such that
v (2,2,2) > 1and v (y,y,2) > 1,
forall z,y € Fix (f).

THEOREM 3. If we add the condition (iv) to the hypothesis of Theorem 1
(resp. Theorem 2), then a is a unique fixed point of f.

Proof. Let b be another fixed point of f with a # b. By (iv), there exists
z € X such that
v(a,a,z) > 1and vy (b,b,z) > 1.

From the a-admissibility of f, we get
v(a,a, f"z) = 1and vy (b,b, f"2) > 1,
for all n. Let us define the sequence {z,} in X by
f2n = 2z,

foralln > 0 and zy = 2. Then, we have

S(fa, fa, fzn)
¥ (A(a, zn)),

S (a7 a, Zn+1)

IN N

where

S(a,a,zn),S (a,a,a),S (zn, 2n, 2n+1)
S(a,a,a)S(2n,2n,2n+1)
S(a,a,zn ’
A (CL, Zn) = max S(a,a,a)g(z",z,)L,z,,LJrl)
S(a,a,zn)+S(a,a,241)+S(2n,2n,a)’
S(a,a,a)S(a,a,2n+1)+S(2n,2n,0)S(Zn,2n,2n+1)
S(2n,2n,a)+S(a,a,zn41)
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< max{S(a,a,z,),S5(a,a,zns1)}.
Hence, using the monotone property of 1, we obtain
S (aya,zp+1) < ¢ (max{S (a,a,z,),5 (a,a,znt1)}),
for all n. Without the generality, we assume that
S (a,a,z,) >0,

for all n.

Case 1: Let max{S (a,a,z,),S (a,a,zp+1)} = S(a,a,zn+1). Then we
have

S (a7 a, zn+1) < w (S (a7 a, Zn-i—l)) <S5 (av a, Zn—i-l) y

a contradiction.

Case 2: max {S (a,a,z,),S (a,a,zn+1)} = S (a,a, z,) . Hence we get

S (avavzn + 1) § ¢ (S (a,a,zn)) 9
for all n. If we continue this process, then we have
S(a,a,z,) <" (S(a,a,z)),

for all n > 1. Let us take n — +o0, we obtain

lim S(a,a,z,) =0

n—-+4o0o

and similarly,
lim S(b,b,2,) =0
n——+0o0
From the uniqueness of the limit point, we have
a=>o.

Then a is the unique fixed point of f. O
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EXAMPLE 5. Let X = [0, 1] and the S-metric be defined as
S(ﬂ],y,Z): |$—Z’+|$+Z—2y|,

forall z,y,z € X (Ozglr & Tas, 2017). Then, the pair (X, S) is a complete
S-metric space. Let us define the self-mapping f : X — X by

1
— 8 xG[O,l)
Jx { 0, x=1 "~

for all z € [0,1]. Itis clear that f is not a continuous function at the point
xo = 1. Now we define the mapping v : X x X x X — [0, +00) by

L s € (0.4 x [0.2] x [£.1)
v(xm{ O[] % [41] x [0, 4))

0, otherwise

We show the validity of this example under the cases:
Case 1: f is a y-ipg-contractive mapping with

¢(t) = 1’

forallt >0.Ifz € [0,%] and z = 1, we have

vy (x,z,y)S (fx, fx, fy) = S(fx, fx, fy)

If 2 =1andy € [0,%], we have

v(z,2,y) S (fx, fx, fy) = S(fz, fz, fy)

= 2|fz— fyl
1

- 20— =
o3|
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<

The other cases are clear.
Case2: f is y-admissible. To show this, we assume that (z,y,2) €
X x X x X such that

v (z,y,z) > 1.

If (z,y,2) € [0, %] x [0, 3] x [£,1] , then (fz, fy, fz) € [5,1] x [£,1] x [0, 3]
which implies

v (fz, fy, f2) =1
If (z,y,2) € [%, 1] X [%7 1] X [O, é} ,then (fz, fy, fz) € [0, %} X [0, %] X [é, 1]
which implies

v (fz, fy, [2) =1
Consequently, f is v-admissible.

Case 3: There is xy € X such that

v (xo, o, fao) > 1.

If we take z¢y = 0, then we have

1
7(x0>$07fx0) =7 <O>O7 8) =1

Case 4: If {x,} is a sequence in X such that v (z,, 2., xn4+1) > 1 for
all n and z,, — = as n — +o0, then there is a subsequence {z,, } of {z,}
such that

7 (xnwmnwx) Z 17
for all k. By the definition of v, we get

o (3]« B3J ) o] )

for all n.
Case 5: The uniqueness condition (iv) is satisfied. Let (a,b) € [0, 1] x
[0,1]. For z = £, we get

v(a,a,z) =1, v(b,b,z) = 1.

Consequently, f has a unique fixed point a = %
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REMARK 3. If the S-metric is generated by any metric, then the notion of
a y-yg-contractive mapping coincides with the notion of a generated a-1)-
contractive type mapping introduced in (Raji et al, 2024). Also, under this
case, Theorem 1 (resp. Theorem 2, Theorem 3) coincides with Theorem
3.2 (resp. Theorem 3.3, Theorem 3.4) proven in (Raji et al, 2024).

If the b-metric d° is generated by the S-metric, then we obtain the fol-
lowing definitions and corollaries.

DEFINITION 6. Let (X,d”) be a b-metric space and f : X — X be a self-
mapping. f is called an a-yy,-contractive mapping if there are two functions
a: X x X —[0,400) and ¢ € ¥ such that

a(z,y)d® (fz, fy) < ¥ (A (2,y)),

for all z,y € X, where

a® (z,y),d% (z, fx),d° (y, fy),
d®(z,fx)d® (y,fy)

Ay (‘T) y) = Inax d(z, f:p()dg)y (y,fv)
Bz g+ds (. fy g+d5( }

d® (z,fx)d> (z,fy)+d° (y, fm)d y fy)
ds(y,fz)+d% (z,fy)

)

THEOREM 4. Let (X, d°) be a complete b-metric space and f : X — X be
an a-,-contractive mapping. If the following conditions are satisfied:

(1) f is a-admissible,

(17) there exists xo € X such that o (xg, fzo) > 1,and

(131) f is continuous,

then there exists a € X such that fa = a.

THEOREM 5. Let (X, d°) be a complete b-metric space and f : X — X be
an a-y-contractive mapping. If the following conditions are satisfied:

(1) fis a-admissible,

(17) there exists xo € X such that a (z¢, fxo) > 1, and

(13i) if {x,} is a sequence in Xsuch that « (z,,x,+1) > 1 for all n and
x, — x € X as n — oo ,then there is a subsequence {x,, } of {z,} such
that o (xy, ,x) > 1 for all k, then there is a € X such that fa=a.

(iv) Thereisz € X suchthata (z,z) > 1and a (y,z) > 1, forall x,y € Fix(f).
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THEOREM 6. If we add the condition (iv) to the hypothesis of Theorem 5
(resp. Theorem 6), then a is a unique fixed point of f.

Some integral type fixed-point results on S-metric spaces

DEFINITION 7. Let (X, S) be an S-metric space and f : X — X be a self-
mapping. f is called an integral type v~ g-contractive mapping if there exist
v:X x X —[0,+00) and ¢y € ¥ such that

/W(:v,w,y)s(fx,fx,fy)

Y(A(z,y))
p(t)dt < / v (t)dt,
0 0

for all x,y € X, where ¢ : [0,4+00) — [0,+00) iS a Lebesque integrable
mapping, which is summable, that is, with finite integral on each compact
subset of [0, 4+00) , nonnegative and such that

3
/ @ (t)dt >0,
0

for each € > 0.

REMARK 4. If we take ¢ (t) = 1 in Definition 7, then the notions of a v-i5-
contractive mapping and an integral type ~-ig-contractive mapping coin-
cide.

THEOREM 7. Let (X, S) be a complete S-metric space and f : X — X be
an integral type ~v-g-contractive mapping. If the following conditions are
satisfied:

(a) f is v-admissible,
(b) there exists xy € X such that v (xo, zo, fro) > 1,and
(c) f is continuous,

then there exists a € X such that fa = a.

Proof. By the similar arguments used in the proof of Theorem 1, this can
be easily proved. O

REMARK 5. If we take ¢ () = 1in Theorem 7, then Theorem 7 and Theorem
1 coincide.
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THEOREM 8. Let (X, S) be a complete S-metric space and f : X — X be
an integral type ~v-g-contractive mapping. If the following conditions are
satisfied:

(a) fisy-admissible,

(b) there exists xy € X such that ~ (zg, zo, fzg) > 1,and

(c) if {z,,} is a sequence in X such that v (z,,xn,xn+1) > 1 foralln
and z,, — x € X asn — oo, then there is a subsequence {z,,} of {z,}
such that v (zp, , xn,,x) > 1 for all k,

then there is a € X such that fa = a.

Proof. By the similar arguments used in the proof of Theorem 2, this can
be easily proved. O

REMARK 6. If we take ¢ (¢) = 1 in Theorem 8, Theorem 8 and Theorem 2
coincide.

THEOREM 9. (d) There is z € X such that
v(2,2,2) > 1and v (y,y,z) > 1,
forall x,y € Fix (f).

THEOREM 10. If we add the condition (d) to the conditions (a)-(b)-(c) given
in Theorem 8 (resp. Theorem 7), then a is a unique fixed point of f.

REMARK 7.

(1) If we take ¢ (t) = 1 in Theorem 10, then Theorem 3 and Theorem 10
coincide.

(2) Theorem 7, Theorem 8 and Theorem 10 are integral type fixed point re-
sults and generalize Theorem 3.2, Theorem 3.3 and Theorem 3.5 proved
in (Raji et al, 2024).

(3) The two examples given earlier provide integral type fixed-point theo-
rems with ¢ (t) = 1.

(4) On b-metric spaces, the notion of an integral type «a-1,-contractive map-
ping can be defined and new integral type fixed point results can be proved
as seen in the previous theorems.

(5) The results obtained in this article are new generalized fixed-point re-
sults for both S-metric spaces and b-metric spaces.
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Some fixed-circle results on S-metric spaces

DEFINITION 8. Let (X, S) be an S-metric space and f : X — X be a self-
mapping. f is called a v-ys-f.,-contractive mapping if there exists xo €
X, 7: X x X xX —[1,400) and ¢ € ¥ such that

S(fz, fx,z) > 0= v (x,x,20) S (fz, fx,z) < ¢ (A" (x,x0)),
for all x € X, where

S(z,z,y),S (x, 2, fx),S (y,y, fy),
A* _ S(.Z’ﬂ?,fl‘)s(’y,y,fy)
(z,y) = max S(z2.y)+S (@, fy)+S(y,y,fx)’
S(z,x,fx)S(z,2,fy) +S (Y9, ) S (y,y,fy)
S(y,y,f2)+S (2,2, fy)

PROPOSITION 1. If f is a y-1s-f.,-contractive mapping with xy € X, then
we have

fro = xo.
Proof. On the contrary, we assume fzy # x¢, that is,
S (fxo, fro,z0) > 0.
Using the contraction hypothesis, we get
7 (w0, w0, x0) S (fxo, fro,0) < 9P (A* (20, 70))
and
S (xo, xo, x0) , S (x0, z0, f20),S (20, Z0, f20),
A* (w9, m0) = ST S e oo b o]

S(20,20,f%0) S(T0,Z0,fT0)+S(T0,20,f%0) S (0,20, fT0)
S(zo,w0,fx0)+S(x0,%0,fT0)

- S(x()?x()afx())

Hence, using the symmetry property and the property of ¢, we have

v (zo, 0, 20) S (fxo, fro,z0) < ¥ (S (fxo, fro,x0))
< S(f'rOfoOaxO)?

a contradiction. So, it should be

fro = xo.
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THEOREM 11. Let f be a y-1)s-f.,-contractive mapping with xy € X and the
number
r=inf{S (fz, fx,z) v € X,z # fx}. 4)

If fx € C3  foreachx € C3 , then f fixes the circle C3 .

Proof. Let us consider the following cases:
Case 1: Let r = 0. Then, we get

cs = {xo}

Zo,T

and so by Proposition 1, we say that f fixes the circle C

Zo,T"

Case 2: Letr >0and x € C’fw be any point such that
S(fz, fx,z) > 0.
Using the contraction hypothesis and fx € C’f(,,r, we get

v (x,2,20) S (fz, fr,r) < (A" (x,20))
and

S (ﬂj‘,l',l'o) aS (l’,l’, f:L‘) 75 (x()a Zo, fx()) s
* S(z,2,f2)S(z0,Z0,fT0)
A (1:7 1'0) = Inax S(z,x,20)+S(x,x,fxo)+S(T0,T0,fT)’
S(z,x,fz)S(z,x,fx0)+S(x0,20,f2)S(T0,T0,fT0)
S(xo,x0,fz)+S (2,2, fx0)
= S(fz, fz,2).

So, we obtain
v (@, m,20) S (f, fr,2) <Y (S(fx, fz,2)) < S (fz, fr,x),
a contradiction and thus, it should be
S(fzx, fr,z) =0 = fzr=u=.
Consequently, f fixes the circle wa. O

COROLLARY 1. Let f be a y-is-f.,-contractive mapping with zo € X and r
be defined as in 4. If fx € D3 , for each x € D; ., then f fixes the disc

To,T?
S

To,r*
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EXAMPLE 6. Let X = R be the S-metric space with the S-metric defined as
S(z,y,2) =z —z|+ |z + 2z —2y|,

forallz,y, z € R (Ozgur & Tag, 2017). This S-metric is not generated by any
metric. Let us define the mappings f: X — X, 7: X x X x X — [1,+00)
and v : [0,4+00) — [0, +00) as, respectively,

feo [ 4 w=40
10 zeR-{0}’

V(x?y7z) = ]'
and

If we take z¢ = 0, then for x = 40, we get

S (40,40,0), S (40,40, f40) , S (0,0, f0)
. 5(40,40,£40)5(0,0,£0)
A" (40,0) = max 5(40,40,0) 1 5(40,40, f40) 1 5(0,0,f40) *
(40,40, 40)5(40,40, £0) +5(0,0,£40) (0.0, £0)
5(0,0,740) +.5(40,40, 0)

160

— 2 _
= max{80, ,0,0, 102}
= 80

and
S (40,40, f40) = S (40, 40,41) = 2.

Then we have

+ (40,40, £40) S (£40, £40,40) = 2 < 40 = % — (A7 (40,0)).
Consequently, f is a y-ys-f,,-contractive mapping with o = 0. Also we

have
r=2

and so f fixes the circle C5, = {—1,1} and the disc Dg, = [-1,1].

Since every S-metric generates a b-metric, then we get the following:
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DEFINITION 9. Let (X, d®) be a b-metric space and f : X — X be a self-
mapping. f is called an a-y,-f,,-contractive mapping if there exist xo € X,
a: X x X —[1,400) and ¢ € ¥ such that

d° (fz,z) >0 = a(x,a:g)ds (fx,z) <Y (A} (z,20)),
for all x € X, where

d% (2,y),d% (w, f2),d% (y, fy),
. _ d®(z,fz)d®(y,fy)
Ab (l’,y) = Imax ds J:y)—l—ds :c fy g+dS( , 7
d*(z, fx)ds(x,fy +d>( )ds W, fy)
ds(y, f:v)+ds(ﬂc Iy)

PROPOSITION 2. If f is an a-yy-f,,-contractive mapping o, € X, then we
have fxy = xg.

THEOREM 12. Let f be an a-yy-f,-contractive mapping with o € X and
the number
—inf{ds(fx,m):xEX,m#fx} (5)

... foreachxz e C?

If fo € CY 2, then f fixes the circle ct

Zo,r* "

COROLLARY 2. Let f be an a-yy-f,,-contractive mapping with o € X and
r* be defined as in 5. If fx € D} . foreachz € Db _, then f fixes the
disc D, ..

Using the integral type technique, we give the following.

DerINITION 10. Let (X, S) be an S-metric space and f : X — X be a self-
mapping. f is called an integral type a--f.,-contractive mapping if there
existzg € X,v: X x X x X — [1,4+00) and ¢ € ¥ such that

(z,x,20)S(fx,fz,x) (A" (z,20))
S(fx, fr,x) >0:>/ (t)dtg/ @ (t)dt,
0

forall x € X.

REMARK 8. If we take ¢ (t) = 1 in Definition 10, then the notions of a -1 s-
fz,-contractive mapping and an integral type v-¢s- f,,-contractive mapping
coincide.

PRoPoOSITION 3. If f is an integral type -1 s-f.,-contractive mapping xo €
X, then we have fxy = xg.
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Proof. By the similar arguments used in the proof of Proposition 1, this can
be easily seen. ]

THEOREM 13. Let f be an integral type v-1s-f,-contractive mapping xo €
X and the number r be defined as in 4. If fz € C3 foreachz € Cy |
then f fixes the circle Cs .

Proof. By the similar arguments used in the proof of Theorem 11, this can
be easily proved. O

COROLLARY 3. Let f be an integral type v-is-f,-contractive mapping xo €
X and the number r be defined as in 4. If fz € D3 foreachz € D3 |,
then f fixes the disc Dy .

REMARK 9.

1. If we take ¢ (t) = 1, then Proposition 1 and Proposition 3 coincide.

2. If we take ¢ (t) = 1, then Theorem 11 and Theorem 13 coincide.

3. If we take ¢ (t) = 1, then Corollary 1 and Corollary 3 coincide.

4. On b-metric spaces, the notion of an integral type a-v-f,,-contractive
mapping can be defined and some integral type fixed-circle results can be
proved.

Conclusion

In this article, three different techniques used in fixed-point theory are
used together. For this purpose, fixed-point theorems are obtained by us-
ing multiple new generalized contractive conditions on S-metric spaces,
which are an example of generalized metric spaces. As an application of
the obtained theorems, new results are obtained for the fixed-circle prob-
lem, which is a geometric generalization approach. On the other hand,
another point that makes this study important is to further investigate the
applications of the obtained fixed-circle results to activation functions. For
example, we consider the Rectified linear unit (ReLU) activation function, (
for more details, see (Nair & Hinton, 2010)), defined as

0, <0
z, x>0

ReLU (z) = {

Let us take X = {—10} U [0, +00) with the S-metric defined as in Example
3 and define the mappings v : X x X x X — [1,400) and ¢ : [0, 4+00) —
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[0, +00) as, respectively,
r’}/ (x7 y? Z) =
and

Yt =3

If we take zy = 20, then for z = —10, we get
A* (—10,20) = 60

and
S (—10,—-10, ReLU (—10)) = 20.

Then we have

~v(~10,—10,20) S (ReLU (—10) , ReLU (—10),—10) = 20 < 30

60

2

= ¥ (A*(-10,20)).

Hence, RelLU is a -y s- f,,-contractive mapping zo = 20. Also, we have
r =20

and so ReLU fixes the circle C5) 5, = {10, 30} and the disc D3, ,, = [10,30] .
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Resumen

Introduccién: Este articulo se centra en la extension de la teoria
de puntos fijos en espacios S-métricos mediante la introduccién
de nuevas condiciones contractivas generalizadas. Estos desa-
rrollos buscan enriquecer las herramientas analiticas disponibles
para el estudio de dichos espacios

Métodos: Se establecen diversos teoremas de punto fijo me-
diante la aplicacion de las condiciones contractivas recientemen-
te definidas. La metodologia incluye aplicaciones contractivas
tanto estandar como integrales. Ademas, se utiliza un enfoque
geométrico para obtener nuevos teoremas de circulo fijo dentro
del marco de la métrica S.

Resultados: Se demuestran varios teoremas de punto fijo y
circulo fijo en las condiciones propuestas. Se proporcionan
ejemplos ilustrativos para validar los hallazgos teéricos y demos-
trar su aplicabilidad.

Conclusion: Los hallazgos de este estudio no solo amplian el al-
cance de la teoria de punto fijo en espacios S-métricos, sino que
también ofrecen posibles implicaciones para aplicaciones practi-
cas. En particular, los resultados podrian contribuir al desarrollo
de las matematicas computacionales y al disefio de funciones
de activacion de redes neuronales.

Palabras claves: espacio S-métrico, teorema del punto fijo, con-
traccion generalizada, contraccion de tipo integral, circulo fijo,
enfoque geométrico, funcién de activacion, redes neuronales.
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Pesrome:

BeedeHue: [JlaHHasi cmambsi nocesuw,eHa pacliupeHuro meopuu
HernodsUXHbIX MOYeK 8 S-mempuyecKkux rnpocmpaHcmeax ry-
mem sgedeHusi Hogbix 0606WeHHbIX ycrosuli cxxamusi. Uccre-
doeaHue HarpaesieHo Ha yryHweHUe aHaaumu4yecKux UHCmpy-
MeHmMo8, 0oCMYrIHbIX 8 U3yYeHUU MoG06HbIX MpocmpaHcme

Memodbi: YcmaHoeneH ps0 meopem O HernoOBUXHbLIX MOY-
Kax c npumeHeHuem ycnosul. Memodornoausi ekrro4aem Kak
cmaHOapmHble, mak U UHme- epasbHble MPUHUUMbI CXXUMaro-
wux omobpaxkeHud. Nomumo moeo, ucrnonb3yemcs 2eomempu-
yeckul nodxod Oris rosy4eHuUs1 HO8bIX MeopeM O Hernod8UXXHbIX
moykax 8 S Mempu4ecKoM rpocmpaHcmae.

Pesynsmamei: [JokasaHbl HEKOMOPbIe MeoPEMbI O HEMO- O8LX-
HbIX MOYKax U HEernoOB8UXXHbLIX OKPYXHOCMSIX. MPeOoXeH- HbIX
ycrnosusix. lNpusedeHbl HaensiOHbIe npumMepsbi 05151 Nodmeepxoe-
HUST meopemu4yecKux 8bi80008 U OeMoHcmpayuu rnpuMeHuUMo-
cmu pesynbmamos.

Baknouerue: Pe3ynbmambl daHHO20 uccredosaHusi He Mofsib-
KO pacwupsitom obsiacmb MPUMEeHEHUsT meopuu Hernodsux-
HOU MOYKU 8 S-MempuyecKux rpocmpaHcmeax, HO U mMo2ym
6bImb UCMOIb308aHbI 8 MPUKIAOHbLIX MPUNIOXeHUsiX. B wyacm-
Hocmu, pesynibmamasi Mo2ym criocobecmeosams Pas3gumuio 8bi-
yucnumernsHol MamemMamuku U paspabomke yHKyul akmu-
sauuu HelipoHHbIX cemel. B yacmHocmu, oHuU Mo2ym crio-
cobcmeosamb pasgUMUIO 8bIHUCTIUMEBbHOU MameMamuKku U
rnpoekmuposa- HU yHKUULU akmusayuu 8 HelPOHHbLIX CEeMSiX.

Knoyesble criosa: S-mempuyeckoe npocmpaHcmeo, meopema
0 HernoosuXXHol moyke, 0606WeHHoe cxxamueéHHas , cxamue
UHMeezparbHo20 muna, Hernoo8UXXHasl OKPYXHOCMb, 2e0Mempu-
yeckul nodxod, hyHKyUs akmusayuu, HelipOHHbIe cemu.

Heke Teopeme 0 HEMOKPETHOj Taukn NPEKO Yy-1s KOHTPaKumja
Ha C-MeTpuYkum npocToprmMa
Huxan Taw 2, Enugh Kanna °

@ YHuueepsutet banukecup, Oacek 3a matematuky. 10145 Banvkecup,
Typcka, ayTop 3a Npenucky

5 YHuBepauteT OHAoky3s Majuc, Opcek 3a matemaTuky, 55200,
CamcyH, Typcka

OBJIACT: maTtematuka
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KATETOPWJA (TWM) YNAHKA: opurMHanHu Hay4Hu pag

Caxxemak:

Y800: Texuwme 0802 pada je Ha Npowuper meopuje Hero-
KpemHux madaka y C-mempuydke rnpocmope yeohereMm Hogeux
2eHeparnu3osaHeux KOHmMpakmugHeux ycrogea. L{urb ogoe rnpo-
wupusarsa jecme O0a ce obozame aHanumuyku anamu éocmyri-
HU 3a rnpoydyasar-e 08aK8UX rpocmopa.

Memode: Pasnudume meopeme O HErNnOKPemHoj madku ycro-
cmaesbeHe cy Kopuwherem Ho800eghUHUCaHUX KOHMpaKmue-
Hux ycnoea. Memodonoezuja obyxeama cmaHOapOHa npecriuka-
garba, Kao U Mpecriukasearba UHmezpanaHoz2 murna KoHmpakuyu-
je Takohe, kopucmu ce u eeomempujcku npucmyn dakako 6u
ce Qoburie Hoge meopemMe O HEMNOKPemHoj maduku yHymap C-
Mempu4Koe rpocmopa.

Pesynmamu: [Joka3zaHo je HEKOMUKO meopema O HEMOKPEMHUM
maydkama U HeroKpemHum Kpy2o8uma rnod rpednoxeHum ycrio-
euma. HaeedeHu npumepu Umycmpyjy meopujcke Hanase u rno-
Kasyjy npuMeH/bueocm pesynmama.

Bakrbyyak: Pesynmamu ogoe pada He camo Oa rpowiupyjy 0o-
MeH meopuje HernoKpemHux mavaka Ha C-mempuyke rnpocmope
eeh, u Hyde nomeHyujanHe umrsukayuje 3a npuMeHy y cmeap-
Hocmu. Takohe, moay Oa QornpuHecy pa3eojy y obnacmuma pa-
YyHapcKe Mamemamuke U rpojeKkmoeara akmugayUuoHUX QOyHK-
yuja HeypoOHCKUX Mpexa.

KrbyuHe pedu: C-mempuydKu npocmop, meopema O Herokpem-
HOj maJyku, eeHepariu3oeaHa KOHmpakuyuja, KoHmpakyuja uHme-
epariHoe muria, HermoKpemHu Kpya, 2e0MempujcKu rnpucmyri, ak-
mueayuoHa hyHKyuja, HEyPOHCKe MpeEXe.
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