Periodic semi-linear functional differential
inclusion system with state-dependent
delays

Khelifa Daoudi?, Mohamed Belaidi®

a University Center of Nour Bachir EI-Bayadh, El-Bayadh, Algeria,
Institute of Sciences, El-Bayadh, Algeria +
Université de Sidi Bel-Abbes, Laboratoire de Mathématiques, Algeria,
Sidi Bel-Abbes, Algeria,
e-mail: khelifa.daoudi@gmail.com, k.daoudi@cu-elbayadh.dz,
corresponding author,
ORCID iD: ‘“https://orcid.org/0000-0002-5444-1181

b University Center of Nour Bachir El-Bayadh, El-Bayadh, Algeria,
Institute of Sciences, El-Bayadh, Algeria
e-mail: m.belaidi@cu-elbayadh.dz,
ORCID iD: @https://orcid.org/0000-0001-8543-6927

doi https://doi.org/10.5937/vojtehg73-52847

FIELD: mathematics
ARTICLE TYPE: original scientific paper

Abstract:

Introduction/Purpose: The study addressed the existence and uniqueness
of mild solutions for a class of periodic semi-linear functional differential
inclusion systems with state-dependent delays. Such systems are of
growing interest due to their wide range of applications in control theory,
biological systems, and engineering models involving time delays and
uncertainties.

Methods: The investigation was conducted within the framework of Banach
spaces. The Perov fixed point theorem, known for its effectiveness in
handling systems with multiple components, was applied to establish the
existence of mild solutions. The analytical approach incorporated
techniques suitable for differential inclusions and operator theory,
particularly focusing on systems influenced by state-dependent delays.

Results: Several results were obtained concerning the existence and
uniqueness of mild solutions for the considered system. The application of
the Perov fixed point theorem allowed the derivation of sufficient conditions
under which such solutions exist. Furthermore, the periodic nature of the
system was accounted for, ensuring the solutions adhered to the prescribed
temporal structure.

Conclusions: The findings confirmed that under specific assumptions, the
system admits at least one mild solution. The results contributed to the
theoretical foundation of functional differential inclusions with delays.
Researchers were encouraged to further explore these outcomes and to
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develop computational and numerical methods for approximating the
theoretical solutions, thereby extending the applicability of the current
research.

Key words: mild solutions, state-dependent delays, Banach spaces,
multivalued maps, fixed points, functional differential inclusions, semi-
linear systems

Introduction

Functional differential equations and inclusions play a crucial role in
various fields such as biology, physics, and engineering, and have
attracted significant attention in recent years.To navigate the extensive
literature on functional differential equations, valuable resources include
books by Hale (1977), Hale and Lunel (2013), Kolmanovskii & Myshkis,
(1999), along with the references contained therein.

Over the past decades, researchers have conducted extensive
investigations into the existence and uniqueness of solutions for semi-
linear functional differential equations and inclusions. Various types of
solutions, including mild, strong, classical, almost periodic, and almost
automorphic solutions, have been explored using methodologies such as
semigroup theory, fixed point arguments, degree theory, and measures of
non-compactness. Noteworthy contributions to this body of work can be
found in books by (Ahmed, 1991, Kolmanovskii et al, 1999 & Wu 1996),
and the related references such as the articles by (Daoudi et al, 2018;
Mohamed & Tayeb, 2019).

In this paper, we consider a system with state-dependent delays of
the following form:

x'® —Ax(t) EF, (t,x(t — Tt %)), y(t — T (e, yt))) ,t €] :=0,b]

) y,(t) - AZy(t) € FZ (t,X(t - ﬂ(f:xt)):}’(t - Tz(t;yt))):t E] = [0, b]
x() = ¢1(t),t € [-7,0] 1)

y(@) = @2(t), t€[-r,0]
\ x(0) = x(b) and y(0) = y(b)
where the operators A;,i = 1; 2 are the infinitesimal generator of a C,-
semigroup T;(t)¢»o On a Banach space E. b; r are real numbers with

b, r>0 .

Fi{,F, : ] XE X E - P(E) are multifunctions, and

T : [0,b] x C([-r,0],E) » [0,r],i = 1; 2 are the given continuous
functions.
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For any function x defined on [-r; bJand anyt € ]J,we denote
by x, the element of C([—r; 0], E) defined by
x(0) = x(t +0),0 € [-r,0].
Here, x.(-) represents the history of the state from the time t —r, up to
the present time t.

Throughout this paper, the operators A;, i = 1,2 are the infinitesimal
generator of a C, —semigroup T;(t)>o and there exists M > 0 such that

IT)| <M for allt e].

C([-r,b],E) is the Banach space of all continuous functions from
[—7; b]into E with the norm
llles = sup sup flx(c +6)]l.
6€[-r1,0] te[0,b]
Set C,:= C([-r,0],E) and C := C([-r,b],E).

This paper is organized as follows: Section 2 briefy recalls some basic
definitions and preliminary facts which will be used throughout the
following sections.

Section 3 proves the existence of set solutions for a functional
differential inclusions system with state-dependent delays with periodic
conditions.

Preliminaries

In this section, we introduce notations, definitions, and preliminary
facts which are used throughout this paper.

Definition (2.1) (Daoudi, 2018): A square matrix of real numbers is
said to converge to zero if and only if its spectral radius p(M) is strictly less
than 1. In other words, this means that all the eigenvalues of M are in the
open unit disc i.e|A| < 1; for every A € C with det(M — Al) = 0, wherel
denote the unit matrix of M, (R).

Multi-valued analysis

Let (X, d)be a metric space and Y be a subset of X: Denote by

cPX)={Y CcX:Y # @)

* P,(X) = {YEP(X):Y has the property “p”} where p could be:
cl =closed,

b=bounded, cp =compact, cv =convex, etc. Thus,

*Pu(X) = {Y € P(X):Y closed}

e P(X) = {Y € P(X):Y bounded}.

*Pep(X) = {Y € P(X): Y compact}.
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* P.,(X) ={Y € P(X):Y convex}where X is a Banach space.

¢ :Pcv,cp(X) = :Pcv(X)n:Pcp(X)-

Let (X,d,) be a metric space. Denote by Hqy the Hausdorff pseudo-
metric distance on P(X) defined as

Hy: P(X) X P(X) - R,U{oo}, Hy (4, B)

= max {sup d.(a,B),supd.(A4, b),} .
acA beEB

where d,(4,b) = inf d.(a,b ) and d.(a,B) = inf d,(a,b). Then
a€cA bEB

( Py, (X), Hy,) is @ metric space and ( P (X),Hy,) is a generalized metric
space. In particular, Hq, satisfies the triangle inequality.

Consider the generalized Hausdorff pseudo-metric distance
Hq: PX) X P(X) » R} U{o0}

defined by
Hy (A B)

Hy(A,B) = .
Hdn (A, B)

Definition 2.2 (Daoudi, 2018): Let (X,d) be a generalized metric
space, and let N: X —» P.;(X) be a multivalued operator. The operator N is
said to be contractive if there exists a matrix M € M, (R,) such that
M* - 0ask — o

and
Hd(N(u),N(v)) < Md(u,v), forallu,v € X.

Let (X,d) and (Y, p) be two metric spaces and F: X - P(Y ) be a multi-
valued mapping. Then F is said to be lower semi-continuous (l.s.c.) if the
inverse image of Vby F

FTIV)={x€eX:F(x)NV # ¢}

is open for any open set Vin Y . Equivalently, F is I.s.c. if the core of

VbyF

FPlW)={xeX:F(x)cV}

is closed for any closed setVinY .

Likewise, the map F is called upper semi-continuous(u.s.c.) on X if
for each x, € X the set F(x,) is a nonempty, closed subset of X, and if for
each open set N of Y containing F(x,), there exists an open neighborhood
M of x, such that F(M) € Y. That is, if the set F~1(V) is closed for any
closed set V in Y. Equivalently, F is u.s.c. if the set F*1(V )is open for any
opensetVvViny.
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The mapping F is said to be completely continuous if it is u.s.c. and,
for every bounded subset A € X, F(A) is relatively compact, i.e., there
exists a relatively compact set K = K(A) c X such that

F(A) = U{F(x):x €A} cK.

Also, F is compact if F(X) is relatively compact, and it is called locally
compact if for each x € X, there exists an open set U containing x such that
F(U) is relatively compact.

We denote the graph of F to be the set

Graph(F) = {(x,y) e X xY,y € F(x)} , and we recall the following
facts.

Definition 2.3 (Daoudi, 2018): A multivalued map F:[a,b] - P(Y) is
said to be measurable if for every open U c Y; the set

F71(U) = {x € Y:F(x) c U} is Lebesgue measurable.

Definition 2.4 (Djebali et al, 2010): A multi-map F is called a
Carathéodory function if

(a) the multi-map t — F(t, x) is measurable for each x € X;

(b) for a.e. t €], the map x — F(t,x) is upper semi-continuous.

Furthermore, F is L!-Carathéodory if it is further locally integrably
bounded, i.e., for each positive r, there exists h,. € L'(J, R") such that
1t )|l < h(b), fora.e.t € Jandall |x| < r.

Lemma 2.5 (Hale, 1977) : The multivalued map F:[a,b] = P, (Y ) is
measurable if and only if for each x € Y , the function {: [a, b] — [0, +)
defined by

((t) = dist(x,F(t)) =inf{llx —yll:y € F(t)},t € [a,b], is Lebesgue
measurable.

The following two lemmas are needed. The first one is the celebrated
Kuratowski-Ryll-Nardzewski selection theorem.

Lemma 2.6 (Daoudi,_2018): Let Y be a separable metric space and
F:[a,b] » P(Y) a measurable multi-valued map with nonempty closed
values. Then F has a measurable selection.

Lemma 2.7 (Daoudi, 2018): Let I be a compact interval and E be a
Banach space. Let F be an L!-Carathéodory multi-valued map with Spy #
@ , and let T be a linear continuous mapping from L!(I,E) to C(I,E). Then,
the operator

FOSF:C(I:E) - :Pcp,c(E)r y - (FOSF)(y) = F(SF,y);
is a closed graph operator in C(I, E) x C(I,E), where Sg, is known as
the selectors set from F and given by

fe€Spy,={f€ LMULE):f(t) eF(t,y(¥)) fora.e.t € I}.
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Lemma 2.8 (Daoudi, 2018): Let I be a compact interval and E be a
Banach space. Let F be an L'-Carathéodory multi-valued map with S, #
@, and let T be a linear continuous mapping from L'(I,E) to C(I,E). Then,
the operator

FOSF: C(I: E) - :Pcp,c(E)ry - (FOSF)(y) = F(SF,y);
is a closed graph operator in C(L,E) x C(I,E), where Sg, is known as
the selectors set from F and given by

fE€Spy={f € *ULE): f(t) € F(t,y(t)) fora.e.t € I}.
Lemma 2.9 (Aubin & Frankowska, 1990): If G: X — P,,is u.s.c, then
for any lim supG(x) = G(x,).
X—Xgo

Lemma 2.10 (Aubin & Frankowska, 1990): Let (k,)neny € k € X be a
sequence of subsets where K is compact in the separable Banach space

X. Then
E(lim supkn) = ﬂ E(U kn>,
n—-oo
N>0 nz=N

where coA refers to the closure of the convex hull of A.

Lemma 2.11 (Aubin & Frankowska, 1990): Every semi-compact
sequence L}([0; b], E) is weakly compact in L1([0; b],; E).

Lemma 2.12 (Djebali et al 2010): Let E be a normed space and
Xxren € E be a sequence weakly converging to a limit x € E. Then there
exists a sequence of convex combinations y, = Y= a0 with oy > 0
fork=1,2,..,mand y, = Y™ a,,x = 1, which converges strongly to x.

Theorem 2.13 (Sinacer et al, 2016): Let (X; d) be a complete
generalized metric space and F:X - P.,(X) a contractive multivalued
operator with the Lipschitz matrix M. Then N has a unique fixed point.

Theorem 2.14 (Wu, 1996): Let (X, d) be a complete generalized metric
space and F:X -» P,4(X) be a multivalued map. Assume that there exist
A, B, C € M, (R,) such that
H, (F(x),F(y)) < Ad(x,y) + Bd(y, F(x)) + Cd(x,F(x)),

where A + C converge to zero. Then there exists x € X such that x €

F(x).
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Existence results

In this section, we assume that 1€ p(T(b)) and give our main
existence and uniqueness result for problem (1). Before starting and
proving this result, we give the definition of its mild solution.

Definition 3.1 See details in (Djebali et al 2010).

A function (x,y) € C x C is said to be a mild solution of problem (1) if
x(t) = @1(t), y(t) = @,(t),t € [-r,0] and if there exists v;,v, € L'(J,E)
such that

v, EF; (t,x(t —14(t, xt)),y(t —T,(t, yt))) a.e. on J such that
b t
x(t) =Ty (t)(I — Ty(b)~ ! f T, (b — s)v,(s)ds + f T,(t — s) vy ds,
0 0

b t
Y(©) = Ty (O = Ty (b)) jo Ty(b — $)v(s) ds + fo Ty(t — 5) vpds,

Xo=xpand yo =y,.

Assume that the following conditions:

(G1) F;: ] XEXE - Py, o, (E); t » Fi(t,u,v); i = 1,2 are measurable
foreacht € Jandu,v € C.

(G,) There exist functions [;,1; € L*(J,R) - R,,i = 1,2 such that

Hy(Fi(t,u,v) — Fi(t, %, 7)) < L(©Ollu —all + [, ()|lv — ¥l for every

te J,ui,v, "€ E and
Hd(O, F;(t, 0,0)) < li(t),foralla.e.t € Jandi = 1,2.

(G3) There exists a constant p; > 0,i = 1; 2 such that

Izt w) — @) < pillu — all

forallu; i€ Eand t €].

(G4) There exists a constant k; > 0,i = 1; 2 such that
Hy(Fi(t; u(sy); v(s1) — Fi(t; u(sz); v(s1)) < kqlsy — sol + kalsy — sal,

foreveryt € J, s;; s, € [—r; blandu; v € E.

Theorem (3.2): Assume that (G;) , (G,) , (G3) and (G,) are satisfied
and the matrix

_ < M? ><k1.01 + il kipa + ||21||L1>
M=|————+M - 7
O™ kapy + ol kapo + ||| 2

converges to zero; then problem (1) has a unique mild solution.
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Proof: Consider the operator N: C x C — P(C x C) defined for (x,y) €
C X C by

N(x; y) =

L (hy hy) € C % C: (hl(t))

h,(t)

b
MO0 -10)" [ 1o -9m6ds
0

t
+f T, (t — s)vi(s)ds
= 0 b ,fort
OO R ACER AT
0

t

+J T,(t — s)vy(s)ds
0

€ [0,b] ;

y,
and hy(t) = @,(t); hy(t) = @,(t) fort € [—r; 0], where

v € Spy = {f € MU E): (1)
EF; (t,x(t —11(t, %)), y(t — 72(¢, yt))) ,a.e. t € ]}.

Clearly, the fixed points of the operator N are the solutions of problem

(1). Let
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b
( (Tl O(I-T1 (b))_lf T, (b — s)v,(s)ds
Nl(x,y)={h1€C:h1(t)= : 0 >
k k +J;) T,(t —s)v,(s)ds, t €] :=10,b] )
and
b
( (TZ O -T, (b))_lf T, (b — s)v,(s)ds
Nz(x,y)={hZEC:h2(t)= . 0 >
k k +f0 T,(t — s)v,(s)ds, t €] :=[0,b] )
Hence,

N(x,y) = (Nl(x, v), N, (x, y)) forevery (x,y) € C X C.

Since for each (x,y) € C x C, the nonlinearity F; takes convex values,
the selection set Sg, , , is convex, then N has convex values. We show that
N satisfies the assumptions of Theorem 2.13.

Let (x,y), (], §) € C? x C?and (hy,h,) € N(x,y). Then there exists v; €

F; (t, X(t —1,(t, xt)),y(t —T,(t, yt))) , i =1,2 such that

b
ROU-10)" [ 1o-neds
[
+ | Ti(t —s)v(s)ds
(hl(t)) = 0 ,fort €[0,b]

h,(t) _, b
; T, (0 (1 - T, (1)) " f Ty(b — $)vy(s)ds
0

t
+ f T,(t — s)v,(s)ds
0
(G,) implies that
Hg, (Fi(t,x(t = 71(t, %)), y(t — 72(t, ¥p)))
- Fi(t, f(t —14(t, ft));f’(t —75(t, 37t)))) <
Hg, (Fi(t,x(t = 71(t, %)), y(t — 72(t, ¥p)))
— Fy (6, %(t — 71(t, %)), 9 (t — 72(t, 7)) +
Hg, (F(t,x(t — 74 (t, xt)),f/(t — 75(t,¥)))
- Fi (¢, f(t —1.(¢, ft))'f’(t —T2(t, yt)))) =
l1(t)(||x(t —74(t, xt)) - f(t —14(t, J?t))” + kqllt (& xe) — 71 (8, xt)”)+
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LO([ly(t — 726, 30) = 5(¢ — 126 y)|| + kallzz (&, 30 — (6, 7)) <
ll(t)(”x(t —74(8, xxt)) - f(t —14(2, xt))” + kypqllxe — JZt||) +
l_1(t)(||y(t —1,(t, yt)) - 37(t — 1,(¢, yt))” + kypally: — 372”) ) te]j
and
Hg, (F1 (t,x (t —14(¢, xt)):)’(t - 1,(¢, }’t)))
— Fi(t,%(t = 11 (t, %)), §(t = 12(t, F))) <
Hg, (F1 (t,x(t —14(t, xt)):)’(t —1,(¢, yt)))
- Fi (¢, f(t —14(¢, xt)),f/(t —7,(t, Yt)))) +
Hg, (Fi(t, %(t — 71(t, %)), 7 (t — 72(t, ¥p)))
- F1(t:f(t —14(¢, ft));f’(t — 7,(t, 37t)))) <
lZ(t)(”xt(t —74(8, xt)) - ft(t —14(¢, xt))” + kyllze (6 %) — T4 (8, Jzt)”) +
LO(ly(t =2t y0) — 5(t — 26y || + Fallr2 (. 30) — T2 (TN <
L, (t)(”x(t —14(¢, xt)) - f(t —14(¢, xt))” + kipgllx — % ”) +
1 (t)(”)’(t —1,(¢, J’t)) - )7(t —1,(¢, yt))” + k1pollye — )7”); te].
Hence, there is some

(w,w) € F(t, x(t —14(8, xt))'}’(t —T2(t,¥:))) X Fy (¢, x(t —14(¢, xt))'Y(t
—72(t,¥:)))

such that foreacht € ]

v (6) =Wl < l1(t)(||x(t —14(t, xt)) - f(t —14(t, xt))” + kipllx: — 9?”)
+

21(t)(||3’(t —1,(¢, J’t)) - )7(t —1,(¢, J’t))” + kipallye — )72”)
and
lv2(8) = Wil < L(©)||x(t = 71(t, %)) — X(t — 71.(t, %) || + kypallxe — %l
+1, (t)HJ’(t —1,(t, yt)) - 37(t — 1,(¢, yt))” + kypally: — 37t||)-
Consider the multi-valued maps U;:J - R,i = 1; 2 defined by

Up(8) = {f € Fi(t,x(t — 14 (t, %)), y(t — T2(t, ¥2))):
v (®) —wll < l1(t)”x(t —74(¢, xt)) - J?(t —74(¢, xt))” + k1pqllxe — x|

+Z1(t)||y(t —1,(t, yt)) - 37(t —1,(t, yt))” + kypally: — 37t||)
and

Up(8) = {f € Fa(t, x(t — 7,(t, %)), ¥ (t — 72(t, ¥1))):
lv, (&) —wll < lz(t)”x(t —74(¢, xt)) - f(t —74(¢, xt))” + kypqllx: — %l
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+Z2 (t)lb’(t —1,(t, }’t)) - 37(’5 — 1,(t, }’t))” + kipollye — yt”)-
Then U;(t) is a nonempty set and Theorem Ill,4.1 in (Daoudi, 2018)
tells us that U; is measurable. Moreover, the multi-valued intersection

operator V;(*) = U;(")NF; (x( -1:(, %)), ¥(: —TZ(-,y))) is measurable.

Therefore, by Lemma 2.6, there exists a function t - v;, which is a
measurable selection for V;, that is

U, €F (t,x(t —1,(t, xt)),y(t —T,(t, yt))) and
lv,(®) — 7. (DI < l1(t)”x(t —74(8, xt)) - f(t —74(¢, xt))” + kypqllxe — %l

+Z1(t)||y(t —1,(t, yt)) - 37(t —1,(t, J’t))l + kypally: — 37t||)
and

lv2(8) — (O < LO||x(t — 71t %)) — (¢ — 718, ) || + kapallxe — %l
+1, (t)lb’(t —1,(t, }’t)) - 37(’5 —1,(¢, }’t))” + kypally: — yt”)-
Define hy, h, by

b t
hy(t) = Tl(t)(l — Tl(b))_lf T (b — s)v,(s)ds + f T, (t —s)vi(s)ds,t €]
0 0

and

b t
hy(t) =T, (t)(l —-T, (b))_lf T,(b — s)v,(s)ds + f T,(t — s)v,(s)ds,t
0 0

€J.
Thenfort € ], there is

|1 (&) = A (®) ||
M? b i
< =g, Bl = 12 - 26 =i Gs.00)]

+ I£1P1||xs — Xl +71(5)||3’(5 —1,(5,95) = F(s — 1205, 35)) ||
+ k1p2 ”ys - 5’5”) ds

+M (fy L()||x(s = 12(5,2%9)) = (s = 725, %)) + kapa llxs —

X |l +Z1(5)||)’(5 —15(s, ys)) - }7(5 —T5(s, }’s))” + E1P2||)’s - }75”) ds
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MZ b .
< <m + M) <Jo ll(s)”x(_s —174(s, xs)) — x(s —174(s, xs))”
+ k1p1llxs — Xl +l1(s)||y(s —T5(s, )’s)) —5(s — 12, )’s))”

+ 1_51172”}’5 - ys”)ds>

M? _ _
< <m+ M) (k1P1 + 1l 1, kapo + ||l1||L1) (lx = Zll o, lly = Fll o)

Thus,
~ M2 _
WM—MLS<mt7@m+Mﬂhm+WMmhm

+11all,1) Ul = Zlloo Iy = Flle)-
By an analogous relation, one finally arrives at the estimate
Hd1 (Nl (x,¥), Ny (%, }7))

2 — -
< (e + M) (ks + llalls, Kapa + [Tl ) Cllx = xlleo Iy = Flle)-
Similarly, there is
Hdz(Nz(x,}’);Nz(f;f’))

M? _
S|+ M) (kyps + |I2ll2 k
<”1 — T(b)” ) ( 2P1 211, 2P2

+ 1l ) (1% = Kl lly = Fleo)

Therefore,
llx — Xl

Hy(N(x,y),N(%, 7)) < M(IIy _yllm),for all(x,y), (%,%) € C? x C2.

Thus, by Theorem 2.13, the operator N has a unique fixed point which
is a unique mild solution to problem (1).

Conclusion

This paper, using the recent Perov fixed point theorem technique on
a Banach space, presents an existence result for a mild solution to a semi-
linear operator system of periodic functional differential inclusions.

Researchers are encouraged to explore these findings further and
develop computational and numerical methods to approximate the results,
providing an alternative approach to advancing the current study.
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Resumen:

Introduccidén/objetivo: El estudio abordé la existencia y singularidad de
soluciones suaves para una clase de sistemas de inclusién diferenciales
funcionales semilineales periédicos con retardos dependientes del estado.
Estos sistemas son de creciente interés debido a su amplia gama de
aplicaciones en teoria de control, sistemas biolégicos y modelos de
ingenieria que involucran retrasos de tiempo e incertidumbres.

Métodos: La investigacion se realizé6 en el marco de los espacios de
Banach. Se aplicé el teorema del punto fijo de Perov, conocido por su
eficacia en el manejo de sistemas con multiples componentes, para
establecer la existencia de soluciones suaves. El enfoque analitico
incorporé técnicas adecuadas para inclusiones diferenciales y teoria de
operadores, con especial atencién a sistemas influenciados por retardos
dependientes del estado.

Resultados: Se obtuvieron varios resultados relativos a la existencia y
unicidad de soluciones suaves para el sistema considerado. La aplicacion
del teorema del punto fijjo de Perov permitid derivar las condiciones
suficientes para la existencia de dichas soluciones. Ademas, se tuvo en
cuenta la naturaleza periddica del sistema, asegurando que las soluciones
se ajustaran a la estructura temporal prescrita.

Conclusion: Los hallazgos confirmaron que, bajo supuestos especificos, el
sistema admite al menos una solucion moderada. Los resultados
contribuyeron a la fundamentacion tedrica de las inclusiones diferenciales
funcionales con retardos. Se alenté a los investigadores a explorar mas a
fondo estos resultados y a desarrollar métodos computacionales y
numeéricos para aproximar las soluciones teoricas, ampliando asi la
aplicabilidad de la investigacion actual.

Palabras claves: soluciones suaves, retardos dependientes del estado,
espacios de Banach, aplicaciones multivaluadas, puntos fijos,
inclusiones diferenciales funcionales, sistemas semilineales
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Pe3some:

BeedeHue/uyenb: B daHHOM  uccriefosaHuu  paccMmampusaruch
cyulecmeosaHue U YHUKallbHOCMb Ms2Kux peweHul Orns Knacca
nepuoduyecKux nonynuHeuHbIX cucmem OyHKYUOHarbLHO-
oughepeHUuanbHO20 BKTIOYEHUST C 3adepxKamu, 3asucswumu om
cocmosiHus. Takue cucmembl 8bi3bigatom 60MbWOoU UHmMepec u3-3a ux
WIUPOKO20 criekmpa NMPpUMEHEHUST 8 Meopuu yrpasieHusi, buono2u4ecKux
cucmeMax U UHXEHEPHbIX MOOesIsiX, C8513aHHbIX C 8PEMEHHbIMU
3adepxKamu U HeorpederneHHOCMsMU.

Metogel:  UccnedosaHue nposodunocb 8 pamkax baHaxosozo
npocmpaHcmea. Teopema [lepoea O  HemnoOBUWXHOU  MOYKe,
omuyarouasics 3¢gbgheKmueHoOCmbio 8 pabome ¢ MHO20KOMIOHEHMHbLIMU
cucmemamu, 6blna rnpumeHeHa Orisi 6bisierieHuUsi crabbix peweHud.
AHanumuyeckull  nodxod ekmodYan MemoOdbl, nodxodsuwue  Ons
OucbgbepeHyuarnbHbIX BKKYEHUU U meopuu ornepamopos, ¢ 0cOobbiM
yriopoM Ha cucmembl, Mo08ePKEHHbIM 3a0epXKKaM, 3asucsauumM om
COCMOSIHUS.

Pesynbmamebi: B xode uccriedogaHusi ObirI0  MOyYEHO HECKOJIbKO
pe3ynibmamos, KacaroUuxcs CyuecmeosaHusi U yHUKanbHocmu criabbix
pelweHul ro aHanusupyemou cucmeme. lNpumeHeHue meopemsi [leposa
0 HernoOBUXXHOU MOYKe TOMOR2IIO 8bISI8UMb YCII08US, MPU KOMOPbIX MaKue
peweHusi Moaym ucronb3oeamecs. [lomumMo moeo, 6bil  y4YmeH
nepuodudeckuli  xapakmep  cCUCMEMbl, 4mMO  2apaHmupoearsio
coomeemcmeue peweHul rnpednucaHHOU 8PEMEHHOU CmpyKmype.
Bbigodbi:  Pesynbmamel  nodmeepousnu, 4mo rpu  orpedesieHHbIX
obcmosimeniscmeax cucmema Oornyckaem xomsi 6bi OOHO Msi2koe
peuwieHue. Pesynbmambi  cniocobcmeosanu  meopemu4ecKoMy
060CHOB8aHUK  (byHKUUOHaIbHO-0UthghepeHyuarnbHbIX  8KITIOYEHUU C
3a0epxkamu. Mccriedoeamernsim 6birio  npedrioXeHo  rpPodormKUMb
u3y4yeHue rorlyYeHHbIX pe3yrbmamos U paspabomamb YUC/IeHHbIe
MemoOb! 0151 annpoKcuMayuu meopemuyecKux peweHul, mem cambiv
pacwupus rnpuMeHUMocme 0aHHO20 UCCie008aHUs.

Knroyesbie criosa: MsiekUue pelwieHus, 3asucswiue Om COCMOSIHUS
3adepxku, 6aHaxoe0 MPOCMPaHCME0, MHO203Ha4YyHbIe OMOBPaXXeHUSs,
HEernoo8UXHbIe mOouYKuU, QyHKYUOHarbHO-0ughgepeHyuasbHble
BKITIOYEHUST, MOMyUHEUHbIE CUCMEeMbI.
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Caxemak:

Yeod/Lurb: Y o8oj cmyduju obpaljyje ce nocmojare U jeduHcmeeHocm
criabux pelwersa 3a Kracy nepuodUYHUX CeMUTUHeapHUX (hyHKUUOHaITHUX
OugbepeHyujanHux cucmema UHKIy3Uje ca KalWlHerUuMa 3a8UCHUM 00
cmara. Cee je sehe uHmMepecosar-e 3a 0oge cucmeme 3602 HUX0802
WupoKoe criekmpa rfpuMeHe y meopuju yrpasrbara, OuonowKum
cucmeMuma, Kao U UHXeHepCKuM ModesiuMa Koju yKIbydyjy epeMeHcka
KawHeHa U Heu3gecHocmu.

Memode: cmpaxuearbe je criposedeHo yHymap baHaxosux npocmopa.
Teopema o ¢bukcHoj mauku lepoesa, nosHama no ceojoj echukacHocmu
rpu pady ca 8ULWEKOMITOHEHMHUM cucmemuma, npuMer-eHa je Kkako bu ce
ymepousio riocmojarbe  cnabux pewera. AHanumuyku  rpucmyn
YKIby4HUBao je MmexHUKe [0200He 3a OucbepeHyujanHe UHKIy3uje U
meopujy ornepamopa, ¢ rnocebHum ¢hoKycom Ha cucmeme rnod ymuuyajem
KawHeHa 3agUCHUX 00 cmarba.

Pesynmamu: [obujeHo je HEKOnuko pesynmama Koju ce 00Hoce Ha
rocmojarse U jeduHcmeeHocm criabux pewera 3a pasmampaHu cucmem.
lNpumeHa meopeme o ¢ukcHoj mayku leposa omoeyhuna je uzeohere
dososbHUX ycrioea rod KojuMa makea pewera rocmoje. Llimasuwe,
y3ema je y 063up nepuoduyHa rnpupoda cucmema, wmo je obezbedurio da
ce peuwierba npudp>xaesajy nporucaHe 8peMeHCKe CImpyKmype.

Sakrbyyak: Hanasu cy nomepdunu  OGa, nod  crneyughudHum
npemrocmaskama, cucmem 00380sbasa HajMarbe jedHo criabo peulerse.
Pesynmamu cy QOorpuHenu meopujcKoj OCHO8U  QbYyHKUUOHAaHUX
ducbepeHyujanHux UHKysuja ca Kawmewuma. Hicmpaxueayu ce
nodcmudy Ga darbe ucnumyjy oea pewera u 0a paseujajy padyHapcke u
Hymepu4ke mMemode 3a arpoKcuMauujy meopujckux peuwiera, wmo 6u
omoeyhuro wupy npumeHy 080e ucmpaxusarba.

KmbyyHe peyu: crnaba pewera, Kawrera 3asucHa 00 cmama,
baHaxosu mnpocmopu, euwespedHOCHe Mare, HEernoMu4yHe madke,
yHKUuoHarHe dughepeHyujanHe UHKIy3Uje, ceMunuHeapHuU cucmemu
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