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Abstract:

Introduction/purpose: This paper presents a numerical study of the forced
dynamic behavior of a functionally graded beam subjected to a
harmonically varying transversely concentrated moving force using a
higher-order shear deformation theory.

Methods: The governing equations are derived using Hamilton's principle.
These equations are then transformed into the weak form using the
Galerkin method. The problem is solved using the finite element method by
developing a three-node finite element with four degrees of freedom per
node. The Newmark beta method is chosen for the time integration and the
Gauss method for the spatial integration.

Results: The effects of several parameters were investigated, including the
slenderness ratio, the material index, foundation stiffness, velocity and the
frequency of the moving load. Good agreement was observed with the
results obtained from the literature.

Conclusion: This study illustrates the importance of using a higher order
theory in the case of short beams and clearly shows the change in the
behavior of the FGM beam as a function of different parameters.
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Introduction

Due to their importance, functionally graded materials (FGMs) have
attracted the attention of many researchers around the world (Reddy,
2007; Menaa et al, 2012; Zemri et al, 2015; Berrabah & Bouderba, 2023).
These new materials were initially created with the aim of using them as
thermal barriers in high-temperature environments (Fuchiyama & Noda,
1995; Praveen & Reddy, 1998). Today, they are used in a wide range of
engineering fields, including aerospace, nuclear energy, biology,
electromagnetism, optics, energy and other fields through the ingenious
combination of two or more materials such as metals, ceramics, and
plastics (Saleh et al, 2020).

Literature related to this field is significant, including studies of
bending, buckling, and free vibration (Dey et al, 2019). These studies have
utilized various resolution methods, especially nhumerical and analytical
techniques. Each of these two main methods has its advantages and
disadvantages. The finite element method is one of the most widely used
numerical methods for structural analysis because it offers both ease of
programming and adaptability. One program can be used to solve a variety
of problems with minimal changes, making it a highly efficient and flexible
tool.

Extensive research has been conducted on the dynamic behavior of
the FGM structures. Yang et al. (2008) conducted an analytical
investigation on the vibrational behavior of Euler-Bernoulli beams with
open edge cracks and exponential through-thickness variation in material
properties. They considered the effects of axial compressive force and
concentrated transverse load, and obtaining analytical solutions for natural
frequencies and dynamic deflections of different boundary conditions
beam types with exponential through-thickness variation in material
properties. Simsek & Kocatlrk (2009) investigated the free vibration and
dynamic behavior of a simply supported functionally graded beam under a
concentrated moving harmonic load. Lagrange's equations, Euler—
Bernoulli beam theory, and polynomial trial functions are employed to
derive the equations of motion. Hasheminejad & Rafsanjani (2009)
presented a precise three-dimensional analysis of the steady-state
dynamic response of an arbitrarily thick, isotropic, and functionally graded
plate strip under a transverse moving line load. Utilizing the Fourier
transformation and a laminate model, Khalili et al. (2010) introduced a
mixed method for analyzing the dynamic behavior of functionally graded
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beams under moving loads. Utilizing Euler—Bernoulli beam theory and
Lagrange equations, the Rayleigh—Ritz method discretizes spatial
derivatives, while a step-by-step differential quadrature method (DQM)
handles temporal derivatives. The proposed method demonstrated
efficiency and reliability, providing improved accuracy compared to single-
step methods like Newmark and Wilson. Simsek (2010) investigated
vibration of a functionally graded simply-supported beam, influenced by a
moving mass using Euler—Bernoulli, Timoshenko, and third-order shear
deformation beam theories. Yan et al. (2011) explored the dynamic
response of functionally graded beams with an open-edge crack on an
elastic foundation, subjected to a transverse load moving at a constant
speed. Yan & Yang (2011) studied the forced flexural vibration of
functionally graded beams with open-edge cracks under axial compressive
force and moving transverse load, where the cracked section was modeled
as a rotational spring and the vibration responses were determined using
the modal series expansion technique. Le et al. (2014) developed a finite
element procedure for analyzing the vibration of multi-span functionally
graded material (FGM) beams under a moving harmonic load. The finite
element formulation incorporated the exact solution of the FGM
Timoshenko beam segment's governing differential equations, considering
the shift in the neutral axis position. Malekzadeh & Monajjemzadeh (2016)
explored the dynamic response of functionally graded (FG) beams in a
thermal environment under the influence of a moving load, employing the
first-order shear deformation theory (FSDT). Initial thermal stresses are
determined through the solution of thermoelastic equilibrium equations. A
finite element method solution procedure is developed for FG beams with
various loading and boundary conditions. Lin & Lee (2016) predicted the
instability and vibration of a concentrated mass moving along a curved
beam. While the existing literature commonly approximates the moving
mass model using the moving load model, this paper introduces a semi-
analytical method for the moving mass problem and compares it with the
traditional model. Wang et al. (2017) introduced a novel N-node weak form
quadrature beam element, based on the physical neutral surface. Explicit
formulas for stiffness and mass matrices computation are provided. This
element is applied to analyze the dynamic behavior of functionally graded
material beams subjected to a moving point load. Gan et al. (2017)
explored the effects of an intermediate elastic support on the vibration
behavior of functionally graded Euler-Bernoulli beams that are subjected
to a moving point load. To analyze the dynamic responses, a finite element
model is utilized, while a thorough examination of the stiffness and position
of the elastic support sheds light on their impact on the dynamic
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characteristics of the functionally graded material beams. Barati & Zenkour
(2018) examined the behavior of forced vibration in functionally graded
nanobeams, which is dependent on their size. This behavior occurs under
in-plane hygro-thermal loading and lateral dynamic loads. By utilizing a
higher-order refined beam theory that does not incorporate shear
correction factors, the nanobeam interacts with a foundation that follows
the three-parameter Kerr model. Beskou & Muho (2018) have studied
analytically and numerically the dynamic response of a simply supported
elastic beam on a Winkler-type elastic foundation with viscous damping to
a harmonically varying, moving point load. Parametric assessments
include the effects of foundation stiffness, damping, beam damping, and
load acceleration, providing practical insights for various scenarios. Barati
et al. (2019) explored the forced vibrations of nanobeams under the
nonlocal strain gradient theory on a viscoelastic substrate subjected to
moving loads. The nanobeam experiences varied hygro-thermal
environments. Dynamic deflections were obtained using Galerkin and
inverse Laplace transform methods. The influence of nonlocal parameter,
strain gradient, moving load, temperature, moisture, and viscoelastic
foundation on forced vibration behavior were discussed. Esen (2019)
studied an improved Finite Element Method for analyzing transverse
vibrations in Timoshenko beams made of functionally graded materials on
a two-parameter foundation, under the influence of a variable-velocity
moving mass. The investigation thoroughly explores the effects of inertia,
foundation parameters, and material constituents, revealing significant
changes in dynamic behavior shaped by frequency variations in the
system. El Khouddar et al. (2024) analyzed gradient materials with
piezoelectric actuators using the Euler—Bernoulli beam theory and the
nonlinear Von-Karman deformation field. Analytical predictions for
nonlinear free and forced vibrations of a beam on an elastic foundation
were validated against the existing literature. Li et al. (2021) proposed an
efficient method for accurate free vibration analysis of functionally graded
beams with variable cross-sections on Pasternak elastic foundations.
Utilizing the separate variable method and the Laplace transform, they
provided general expressions for displacements and stresses, validated
through various examples, offering a precise alternative for ultra-high
precision requirements in mechanical systems. Esen et al. (2023)
investigated the dynamic responses of Timoshenko beams with symmetric
and sigmoid functionally graded gradations, resting on an elastic
foundation and subjected to a moving mass. Using the Hamilton principle,
system equations are derived and solved with a finite element method.
Parametric studies explore influences of gradation type, index, elastic

Zemri, A. et al, Forced dynamic analysis of functionally graded beams under harmonic moving loads on elastic foundation with the finite element method, pp.1272-1305



@VOJNOTEHNICKI GLASNIK / MILITARY TECHNICAL COURIER, 2024, Vol. 72, Issue 3

foundation stiffness, inertia, and variable velocity of the moving mass.
Javidi et al. (2023) presented an analytical study using the Optimal
Homotopy Analysis Method and enriched multiple scales to investigate the
dynamics of a beam with a moving mass and resting on a viscoelastic
foundation. The authors considered a fifth-order nonlinear term to account
for the bending vibration of the flexible beam and use the Galerkin method
to form the corresponding ordinary differential equation. He et al. (2023)
investigated the vibration of a cylindrical beam made of functionally graded
materials under thermal conditions, validating the theoretical model
against the finite element analysis. The displacement function was built
using Carrera unified formulation, Taylor polynomials, and the improved
Fourier series method. Guo et al. (2022) presented the dynamic analysis
of exponentially functionally graded material micro plates with porosities.
Utilizing the general third-order shear deformation theory and a modified
couple stress theory, the research investigated the forced vibration
response to accelerating moving loads. Safaei et al. (2024) investigated
the out-of-plane free vibrational behaviors and responses to moving loads
of sandwich-curved beams with graphene platelets reinforced composite
face sheets and porous core (GPLRC-FS-PC). By employing the first-
order shear deformation theory, the differential quadrature method, and
Newmark's method, this study investigates the impacts of GPLs on the
fundamental frequency and displacement amplitudes. It specifically
accentuates the dependencies on distribution patterns as well as the ratio
between the face sheet and the core thickness.

From this literature review, it is noted that a higher-order shear theory
is rarely used to study the dynamic behavior of FGM beams under the
effect of moving loads. In this context, the objective of this work is to
present a three-node finite element model to study the dynamic behavior
of an FGM beam under the effect of a harmonic moving load and on an
elastic foundation, using a higher-order shear theory. Hamilton's principle
is used to find the differential equations governing the behavior of the
beam. Galerkin's method is used to transform the strong formulation into
a weak one. Spacial integration is then performed using the Gauss
method, and the Newmark beta method is used for time integration.

Mathematical modeling

Properties of functionally graded materials

This study examines a beam with dimensions of length (L), thickness
(h), and width (b) within the conventional Cartesian coordinate system (x,




y, Z), as illustrated in Figure 1. Herein, the longitudinal direction is denoted
by x, and the vertical transverse direction is represented by z.

P(x,t)

Thickness

Lenght

Figure 1 — FGM beam on a two-parameter linear elastic foundation subjected to a moving
load

The material properties of the beam are assumed to be varied in the
direction of thickness, in accordance with a polynomial function. These
properties of each point in the beam can be written as a function of the
volume fractions of each material constituting the beam under the following
law:

P(z)=FV.+FEJV, (1)

The mechanical property 'P' can be Young's modulus or mass density.
The volume fraction of each material is denoted by 'V', with the subscripts
'c' and 'm' representing ceramic and metal components, respectively. The
relationship between the fractions of metal and ceramic is expressed in
the following manner (Ebrahimi & Jafari, 2018):

V.4V, =1=V, =1-V, )

k
with V, :(%+%) and k is a materiel index.

The law governing the combination of Young's modulus and the mass
density within a mixture can be expressed as follows:
E(z)=(E.-E,)-V.+E,

3
p(z)=(p. = p,)V.+p, ©)
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The beam is subjected to a moving load, denoted as F(x,t). This
moving load maintains a constant velocity v as it traverses the beam from
the left to the right. This moving load has the following expression:

F(xt)=F,-sin(£2-t) 4)

where Q is the frequency of excitation.
The position of the load as a function of time can be determined
through the following relation:

x(t)=v-t+x, (5)

Xo is initial position when t=0. We take xo =0

The higher-order shear deformation theory is employed to represent
the displacement field. In this theory, shear is considered through a
function that represents the distortion of the cross-sectional area.
Additionally, this theory ensures the nullity of shear forces at both the
upper and lower interfaces. This field takes the following form (Thai & Vo,
2012):

u(x,z,t)=u(xt)—z- Gw(x t)

f(z) dixt)
" 6)

Uy(x,z,t)=w(x,t)
where u, w and ¢ represent the axial displacement, the transverse
displacement and the shear rotation of the cross-section. Due to the
negligible transverse deformations, all points within the same cross section
have identical displacements. Thus, the w component is independent of z.
f(z) is the n" —order shape function of the transverse shear strains given
by (Xiang & Kang, 2013; Nguyen & Phung, 2023):

2z

n—1
f(z)zi[—] with n=3, 5, 7...
n\_h

The elastic strain at a given point in time is written in the following
way:

X:augx,t)_2_62w(;c,l)_f(z).6¢(x,l)
X ox Ox )
—fi(z) 6w(x t)

Hamilton's prlnciple asserts that the time integral of the variation in
total energy is zero when the system is in equilibrium. This principle can
be expressed as follows:




T(5U+5Uf—5V—éK)dt:o ®)

h

U, Uy, Vand K denote the elastic deformation energy, the elastic foundation
strain energy, the work of external forces, and the kinetic energy,
respectively.

The elastic strain energy depends on the normal and tangential
stresses and the corresponding strains. This association can be expressed
as follows:

L 2
0du 0" ow 00¢
oU =|locoe. +7 0y WAV =||N—-M,——+ M, ——+ Q¢ \dx
j‘( x“Cx Xz 7,\2}1 E')‘[ ox b axz s ox Q ¢jd (9)

N, My, Ms and Q represent the internal forces which are defined by the
following expressions:

VM, M=o Lz f(2)k
0=[G(z)f"(z)dz

The determination of the strain energy in an elastic foundation is
carried out using the subsequent expression:
L 2
0~ ow
§U, = j (kwéw—ks — de (11)

0

(10)

where kw and ks are the Winkler elastic foundation and the shear
foundation modulus.
The work of the external forces can be written as follows:

5V:I(q&w)dx+I(F(x,t)-§x(t)~5w)dx (12)
0 0

with g being the load distributed over the length of the beam.
The variation in the kinetic energy of the beam is as follows:
L h/2
=] [ prefuouewon i (13)

0-h/2
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L —10u5u—11a—ué‘w—Klu5¢+Ila—wé‘u+Iza—zvé‘w
_J ox Ox ox d
= X

0 . . .

&, 2 sk, pou—K, %éw—Jgé&qﬁ—lo Wow
ox ox

where {I,,1,,1,, K, Ky.J}= [ PNz ()2 (2), £ () Yz
By substituting equations (9), (11), (12), and (13) in equation (8), one
obtains the following system of differential equations:

oN aw_

Su:——=—Iu+l K
ax 0 lax 1¢

*M, 0%k, ou w0
G =St —hw ==l ot = Ky === Ly w (14)
+qg+F(xt)
5o -Me Lo kurk, 2 g

ox ox

The relationship between stresses and strains can be written using
Hooke’s law:

o, =E(z)¢,

TXZ = G(Z)j/xz

By integrating the given expression (10) and the corresponding
equations (15), one can formulate the internal forces in the following
manner:

ou _O'w 0¢

N=4—-B—+C—
Oox Ox Ox

2
M- _g V. p

(15)

ox ot Tox (16)
2
szca—”—Dsa—V; i
ox ox ox
Q:H52¢




with: {A,B,C,BX,DS,HS}: J.E(Z){l,Z,f(Z),Zz,Zf(Z),f(Z)ZhZ and

2
H,, = _[G(z)g(z) dz

By replacing expressions (16) in the system of equations (14), the
differential equations in terms of displacement under moving force of FGM
beams with the presence of a foundation are obtained as follows:

2 3 2 . -
—AZ—+B g——c-z—f=-10u+llaa—w—1<l¢ (17a)
X X X X
3 4 2
—Ba—+B a—ZV—DY _¢_kw+a_1?
ox’ ox S oOx ox (17b)
. -
=—112—”+12‘2—ZV— Za¢ Iy wtq+F(xt)
X X X
2 3 . o .
CZ——DS Z——H Z—¢+H ——K1u+K2‘2—W—J¢ (17¢c)
X X X X

Galerkin finite element formulation

There are several techniques for discretizing the system of differential
equations, among which the Galerkin finite element method is a widely
used and effective technique (Phadikar & Pradhan, 2010). By using this
method, the following weak form is obtained:

I(— wou, p v . v

: ox Ox ox o’ Ox Ox
. (18a)
ow
I!// —Lyut I, K p
) ox
Y Pwou | Oy dtw 2 0
Y p. GVl yhw)ld
I( ol o o saa'//()x
(18b)

Z_J- Ila_l//é"‘[za_wa_w_Kza_W&_[o'//V“"_‘//(Q"‘F(x:t)) X
ox ox Ox ox
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x5 2
I( opou_p dwdw .a_w%HﬂW]dx

ox ox ° ox ox? oox Ox

X

% -

- —Kli)+K2%—W—J¢ ¢
X

x{

with  being the weight function.

wl

B

ul

dw1/dx
m

u2

~e

(™)@

L/2

(18c)

Figure 2 — Finite beam element with three nodes and three degrees of freedom per node

In order to construct the finite element beam employed in this study,
we will consider a Hermitian element with three nodes (Figure 2). The
displacements u, w, and ¢ are expressed in the subsequent manner:

u :[Nl N, N3P

¢:[N1 N, N3P

U
U

U

4
9,
#

w= [Nwl NWZ Nw3

NW4 NwS NW6]< e

(19a)

(19b)

(19c¢)



Ni and Ny, are the polynomial shape functions related to nodes, given
by the following expressions:

3x  2x°
N =1-—+— 20a
' L I (202)
4x  4x?
N, =—_1= 20b
LI (20b)
x  2x? 20
A (200)
2 3 4 5
N, =1- 23x N 66x 3 68x N 24x (20d)
L? L L L’
2 3 4 5
N, —x— 6x N 13x 3 12x N 4x (20€)

LZ L3 L4 LS

2 3 4
N, = 16x 3 32x N 16x (20f)
L’ L’ L

2 3 4 5
8x +32x _40x +16x (20g)

Nw4 ==
L L L L

7x% 34x3 52x* 24X
Nys=—m 2222 2% (20h)
L D L L

x5t 8xt 44X’
+ +

N, ¢o=— - 20i
w6 IE I: L s ( )
and 6 = ow

X

Using the shape functions in the weak form and integrating along the
length of element, we obtain the following elementary equation:

([Kelem ]+ [K;lem ]){Uelem }+ [Melem ]{Ué}em} _ {Felem } 21)

Kelem Kelem, (Jelem |\ felem gnd fFelem gre the elemental beam’s stiffness matrix,
the foundation stiffness matrix, the displacement vector, the mass matrix,
and the vector of external forces. The elemental equations can be
assembled to form global equations and one can solve the simultaneous
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algebraic equations. Three separates analyses have been used for solving

this problem. Table 1 shows these three systems of equations.
Table 1 — Three systems of equations to be analysed

for solving the static problem by applying
— static concentrated force Po at the mid
([K]+|-K/'J){U}_ {F} span, in the first case, and a uniform
distributed load, in the second case
- for solving the free vibration problem and
([K]+ [Kf D{U}+ [M U:=0 obtaining the natural frequencies

for solving the forced vibration problem
. by applying the moving laod P(x,t). The
([K]+ [Kf ]){U}+ [M]{U} = {F} Newmark 8 method is used for
integrating in time the system of
equations.

For the case of forced vibration, the Newmak 3 method is used to
integrate the system of equations. Newmark's B method is considered to
be a special type of finite difference techniques commonly used by
engineers and researchers to solve second-order differential equations
with multiple degrees of freedom. The authors present here a summary of
the methodology introduced by Newmark (Chopra, 2014; Yang et al,
2004).

The equations of motion of the structure at time t+At are as follows:

(el Jotalelfu]  <brfo} -t @)

where At is a small time increment, and [C] is the damping matrix wich
is neglected in this work.

Newmark's method is characterized by its one-step approach,
requiring only information from the structure at time t for resolution. The
method uses two fundamental equations proposed by Newmark to
determine the displacements and velocities of the structure at time {+At :

o] ]
ol ol )




The method has been shown to be unconditionally stable under the
conditions where y = 1/2 and 8 = 1/4(1/2 + y)?. Throughout this paper, the
combination of y = 1/2 and B8 = 1/4 will be chosen.

The accelerations and velocities of the structure at time t+Af can be
determined from equation (23):

{0} —alltha-t))-afo} -ofo}

(24)
), ~{ed sl =)
t+At t t t+At
The coefficients ap to az are provided as follows:
a, =;2 , a4 - , =L,a3 =L—l, a, =l—1,
PA pAt pAt 2/ Yij
p (25)
Y
as :7(5_ j ag =At(1—7/), a, = yAt

By substituting the preceding expression (24) into equation (22), the
equivalent stiffness equations are obtained:

[Kejf J{U}H—At = {Fe// }, A (26)

where the effective stiffness matrix [Keff] and the effective load vector
{Peff}_t+At are defined as follows:

K |= ag[M]+a[C]+ (K] + (K, )

{szff }H—At = {P}t+At

o N A 2 R A 1

Based on equation (26), the structural displacements {U} at time {+At
can be calculated as follows:

Uu =Ky T (28)

The three sets of equations for static, free, and forced vibration
problems were solved using a MATLAB algorithm specifically developed

for this purpose.
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Numerical results

The numerical results examine the static, free and forced vibrations
of the simply supported (SS) FG beam subjected to moving harmonic
loads.

Validation study

The results obtained from the formulation presented in this article are
confirmed through validation against other studies. To this end, we
compare the static responses and free vibration natural frequencies with
the results reported in the references. The characteristics adopted are as
follows (Simsek & Al-shujairi, 2017):

— Steel: En=70 GPa, pmn=2702 kg/m3, vn=0.3.

— Alumina: Ec=380 GPa, p:=3960 kg/m3, v=0.3.

Table 2 shows the maximum transverse deflection of an FGM beam
simply supported under a uniformly distributed load compared with the
results found in the literature (Simsek & Al-shujairi, 2017).

Table 2 — Non-dimensional deflection of the mid-span of FG beam under uniform load

k

L/h 0 1 10
CBT 2.8783 | 5.7746 | 9.6072
5 TBT 3.1657 | 6.2599 | 10.7194
Presente | 3.0107 | 5.9983 | 10.0200
CBT 2.8783 | 5.7746 | 9.6072
20 TBT 2.8962 | 5.8049 | 9.6767
Presente | 2.8866 | 5.7886 | 9.6330

The following dimensionless quantities are used:

o 2
~_ ol [p,
n \E,
— E I : ,
w=100 ’24 w(L/2) for a Simply-Simply beam (SS) and a Clamped-
q
Clamped (CC)
— E I
w=100 ’”L4 w(L) for a Clamped-Free beam (CF)
q




E,I

, Ks

_ ks-I?
CEJ
Firstly, it is observed that the present work's values of dimensional
static deflection agree well with those of the references. It is evident that
the deflection of FG beam increases with increasing the material index k.

This trend is explained by the fact that when the gradient index increases,
the modulus of elasticity and the stiffness of the beam decrease and the

beam becomes more flexible.

Table 3 — First three non-dimensional frequencies of the FG SS beam for the slenderness
ratios 5 and 20 and the gradient index k (0, 1, and 10)

k
L/h | mode 0 1 10

CBT 5.3953 | 4.1484 | 3.4921

1 TBT 5.1527 | 3.9904 | 3.2816

Presente 5.1910 4.0151 3.3587

CBT 20.6187 | 15.7982 | 13.2376

5 2 TBT 17.8812 | 14.0100 | 11.0240

Presente | 15.0990 | 14.6846 | 11.9147

CBT 43.3483 | 33.0278 | 27.4752

3 TBT 34.2097 | 27.0979 | 20.5561

Presente 33.0444 | 27.0358 | 21.7556

CBT 5.4777 | 4.2163 | 3.5547

1 TBT 5.4603 | 4.2051 | 3.5390

Presente 5.4640 4.2075 3.5457

CBT 21.8438 | 16.8100 | 14.1676

20 2 TBT 21.5732 | 16.6344 | 13.9263

Presente | 21.6279 | 16.6685 | 14.0248

CBT 48.8999 | 37.6173 | 31.6883

3 TBT 47.5930 | 36.7679 | 30.5369

Presente | 47.8323 | 36.8329 | 30.8015

In the second part of the validation study, the vibratory characteristics
of the studied FGM beam are analyzed. Table 3 shows the first three
natural frequencies of vibration of an FGM beam for different values of k
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and for two values of the L/h ratio, compared with the results found in the
references (Simsek & Al-Shujairi, 2017). Table 4 shows the non-
dimensional frequencies of the FG beam for tow slenderness ratios (10
and 100) and several values of the index k (0, 1 and 10) compared with
the results found in the references (Zemri et al, 2015).

Table 4 — Non-dimensional frequencies of the FG SS beam for the slenderness ratios 10
and 100 and the gradient index k (0, 1, and 10)

k
L/h 0 1 10
TBT 5.3383 | 2.4194 | 1.5799
(Zemri et al,
10 2015) 5.3383 | 2.4194 | 1.579
Presente 5.3287 | 2.418 | 1.5771
TBT 5.2096 | 2.3679 | 1.5453
(Zemri et al,
100 2015) 5.2096 | 36794 | 1.5454

Presente 5.2091 | 2.3674 | 1.5452

Table 5 — Non-dimensional frequencies of the FG beam for the slenderness ratios 5 and
20 and different cases of boundary conditions (SS, CC, and CF)

k

U | condiions o | 1 |
TBT 5.1524 | 3.9708 | 3.2960
S5 Presente | 5.1910 | 4.0151 | 3.3587
TBT 9.9975 | 7.8997 | 6.3147
° e Presente | 10.3200 | 8.2828 | 6.8150
TBT 1.8944 | 1.4627 | 1.2236
cF Presente | 1.9034 | 1.4721 | 1.2370
TBT 5.4603 | 4.2036 | 3.5403
S8 Presente | 5.4640 | 4.2075 | 3.5457
20 cc TBT 12.2201 | 9.4292 | 7.9101
Presente | 12.2621 | 9.4716 | 7.9701
TBT 1.9495 | 1.5010 | 1.2649
cF Presente | 1.9502 | 1.5017 | 1.2659




The results obtained in the present study were compared to those
calculated using the Timoshenko beam theory, TBT. Notably, a good
agreement was observed with the results in the references. The provided
table clearly indicates that the fundamental non-dimensional frequency
decreases as the power law index increases, emphasizing the influence of
this index on the beam’s behavior.

In Table 5, the non-dimensional frequencies of the FG beam are
compared with the results found by Simsek & Al-shujairi (2017) for different
cases of boundary conditions (SS, CC, and CF). An excellent agreement
is observed.

Convergence study

Firstly, the convergence of the results of the model developed in this
study must be studied. For this purpose, an isotropic beam is taken with
the following characteristics: E=380 MPa, L=10m b=1m, Fy;=100KN, Q=0.
Two values of the L/h ratio are considered, namely L/h=5 and L/h=20 and
with two speeds v=20Km/h and v=100Km/h.

The results of the convergence study of the static and dynamic
deflection and the free vibration frequency of the isotropic beam under the
effect of a moving concentrated load, as a function of the number of finite
elements, are shown in Figures 3, 4, 5 and 6.
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2.0958+

2.09574

2.09564

Dimensionless static deflection

Dimensionless static dellection
Mo
[
=

2.09554

0 0 20 30 40 50 ¢ ' 0 0 20 30 40 50 60

Number of clements Number of elements

Figure 3 — Study of convergence of the dimensionless static deflection for: a) L/h=5 and
b) LIh=20
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Dimensionless dynamic deflection

From these figures, it can be seen that the deflection converges
rapidly (by using 5, 10, or 15 elements) for the two cases of the L/h ratio
and two cases of speed.
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Figure 4 — Study of convergence of the dimensionless dynamic deflection with v=20m/s
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Figure 5 — Study of convergence of the dimensionless dynamic deflection with v=100m/s

for: a) LIh=5 and b) L/h=20




For the natural frequency (Figure 7), it can be seen that fewer than 10
elements are sufficient for the frequency value to converge. In our work,
30 elements are used to discretize the FGM beam for all the cases studied.
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Figure 6 — Study of convergence of the dimensionless dynamic deflection for: a) L/h=5
and b) LIh=20
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Figure 7 — Study of convergence of the dimensionless frequency for: a) L/h=5 and b)
L/h=20

Forced vibration

This section studies the forced vibration of the FG beam under the
effect of a moving load with a constant velocity. It considers a beam with
the following caracteristics: L=20m, h=0.9m, b=0.4m, E~ 210 MPa,
p=8166 kg/m?3, Ex= 390 MPa, p»=3960 kg/m* and the material index k=0.
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The dynamic amplification factor is defined as the ratio between the
maximum dynamic deflection at the mid-span and the maximum static
deflection at the same section.

For the purpose of validation of our formulation, the dynamic
amplification factor (DAF) obtained by our study is compared with the
results of Ismail Esen’s article (Esen, 2019) for various values of k and
shown in Table 5. Each value of the DAF is related with its corresponding
velocity of the moving load expressed in m/s. A good agreement is found
between the results of this work and those found in the reference.

Table 6 — DAF and corresponding velocities of the FG beam for different values of k

Source Ceramic k=0.2 k=0.5 k=1 k=2 Metal
Reference

0.9326 1.0336 1.1435 1.269 1.3365 1.7316

(25519;)' (252 m/s) | (222 m/s) | (198 m/s) | (179 m/s) | (164 m/s) | (132 m/s)
0.9371 1.0382 | 1.1488 | 12554 | 1.3433 | 1.7403
Present

(250 m/s) | (218 m/is) | (194 m/s) | (174 m/s) | (160) | (127 m/s)

By increasing the value of k the dynamic amplification factor increases
and the corresponding velocity decreases. This is due to the fact that the
increase in k corresponds to an increase in Young's modulus, which
means that the beam is more flexible and therefore a lower speed of the
moving load is required to achieve the maximum displacement.

Table 6 shows the variation of the dimensionless fundamental
frequency for different values of L/h and different values of Kw and Ks
compared with the results found in Chen et al. (2004). There is also good
agreement between the results obtained by the present model and those
found in the literature.

For the subsequent figures, the following characteristics are
considered: E=320.23x10° MPa; p=3750 kg/m3; E»,=207.78x10° MPa;
Pr=8166 kg/m3.

Figure 8 shows the dynamic mid-span displacement of an isotropic
beam as a function of time under the effect of a moving load of a constant
value over time. The length L=5m, the width b=1m, and the slenderness
ratio L/h= 5. The values of this displacement are multiplied by 10* for
greater visibility. Several values of the moving load speed are taken. It can
be seen that the amplitude of the vibration increases proportionally with




the speed. The maximum difference between the amplitude obtained by
the two speeds 5 m/s and 120 m/s is of the order of 14.77%.

Table 7 — Variation of the dimensionless fundamental frequency for different values of L/h
and different values of Kw and Ks

L/h=120 L/h=15 L/h=5
Kw Ks | Reference Reference Reference
(Chen et Present (Chenet | Present | (Chenet | Present
al, 2004) al, 2004) al, 2004)

0 3.1414 3.1414 3.1323 3.1318 3.0637 3.0567
0 100 3.7359 3.7365 3.7278 3.7238 3.6665 3.6739
250 4.2969 4.2974 4.2889 4.2810 4.2232 4.2329

0 3.7482 3.7942 3.7401 3.7861 3.6788 3.7339
100 100 4.1436 41739 4.1356 3.8298 4.0720 4.1160
250 4.5823 4.6000 4.5741 3.8923 4.5028 4.5428

0 10.0240 10.2602 9.9958 10.2286 7.3408 7.2772
10000 | 100 10.0481 10.2825 10.0197 | 10.2558 7.3410 7.2772
250 10.0839 10.3161 10.0552 | 10.2342 7.3412 7.2772
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Figure 8 — Time history of the mid-span displacements of a simply supported isotropic
beam: a) v=5 m/s, b) v=20 m/s, c) v= 50 m/s et d) v=120 m/s
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Figure 9 — Non-dimensional dynamic displacement of the mid-span section as a function
of the index k for different values of Kw for: a) L/h=20 b) L/h=10 and c) L/h=5

Figure 9 shows the maximum dimensional displacement at the mid-
span of an FGM beam as a function of the index k for different values of
the foundation stiffness Kw and three slenderness ratios L/h=5, L/h=10
and L/h=20. The transverse displacement values decrease as k increases.
Increasing the value of k leads to an increase in Young's modulus, i.e.,
greater stiffness.

The presence of the elastic foundation leads to a decrease in beam
displacements. The non-dimensional displacements are almost the same
in the two cases of L/h=20 and L/h=10. For the short beam (L/h=5), there
is a decrease in this value due to the main effect of the shear force in short
beams.
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Figure 10 — Time history of the mid-span displacements of a simply supported FG beam
for k=1 and v=50m/s

Figure 10 shows the effect of the elastic foundation on the forced
vibration of an FGM beam (k=1) subjected to a moving load with a speed
of 50 m/s. T is the time taken for the moving load to traverse the beam

from left to right. There is: T = L Itis clear that the amplitude of vibration
v

decreases with increasing the elastic foundation coefficient Kw.
Figures 11, 12, 13, and 14 show the dynamic amplification factor of a
simply supported FGM beam. This factor represents the ratio between the

maximum dynamic displacement at mid-span and the static displacement
3

at the mid-span, which is equal to % . The following characteristics are
taken: £E~=320.23x10° MPa, p=3750 kg/m?, E,=207.78x10° MPa, p,=8166
kg/m?®, L=20m, and b = 0.5m.

Figure 11 shows the variation of the dynamic amplification factor of
an FGM beam as a function of the velocity of the moving load and the
index k, with L/h=20: (a) Kw=0 and Ks=0 and (b) Kw=1000 and Ks=100.
The impact of velocity on the beam's response is evident in this figure. By
increasing the speed, the DAF increases to reach its maximum and then
decreases again. This factor reaches the same maximum value of 1.73 for
all values of k but at different corresponding speeds: 260m/s for k=0,
230m/s for k=0.2, 180m/s for k=1, 170m/s for k=2 and 140m/s for k=1000.
Analyzing Figure 8(b), we can see that the presence of the elastic
foundation results in a reduction of system flexibility, leading to a decrease
in the normalized mid span deflection.
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Figure 11 — Variation of the DAF as a function of velocity and the index k, for L/h=20 (a)
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Figure 12 — Variation of the DAF as a function of velocity and the index k for L/h=8 (a)

Kw=0 et Ks=0 et (b) Kw=1000 et Ks=100

Figure 12 shows the variation of the DAF as a function of speed and
the index k for L/h=8. The same thing can be seen here as in the previous
figure (Figure 12) but with higher values of corresponding velocities. These
results reveal that the maximum dynamic magnification factors remain
independent of the power-law exponent k.
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Figure 13 — Variation of the DAF as a function of Kw for k=1 and L/h=20

The variation of the DAF as a function of the speed of the moving load
and for different values of Kw is shown in Figure 13. By increasing the
value of the foundation stiffness, the DAF maximum value is reduced and
reaches its maximum at higher values of speed. In the cases of Kw = 0,
10, and 100, the graphs show greater stability and reach higher maximum
values compared to the case with Kw = 1000 and 10000. The increase in
the stiffness of the elastic foundation leads to an increase in the rigidity of
the beam-foundation system and consequently to smaller values of
transverse displacement of the beam.
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Figure 14 — Variation of the DAF as a function of L/h for k=1, Kw=0 and Ks=0

The variation of the DAF of the FGM beam (k=1) as a function of
speed and slenderness L/h is shown in Figure 11. The factor is always
maximal for longer beams. The maximum of this factor is almost the same
(1.73) but at different speeds: 690 m/s for L/h=5, 360 m/s for L/h=10, 240
m/s for L/h=15, 190 m/s for L/h=20 and 150 m/s for L/h=25.
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Figure 16 — Vibration of the mid-span section in relation to Q for v=50 and v=150 and
Kw=100 and Ks=10

Figures 15 and 16 illustrate the phenomenon of resonance of an FGM
beam (k=1) for two speeds, v=50 m/s and v=150m/s, with the foundation
stiffnresses Kw=100 and Ks=10. The moving load is harmonic, with a
frequency that takes three values: 0, Q; and 1.2xQy, with Q; being the
fundamental frequency. The length of the beam is 10m, b=1m and L/h=15.
The displacement values are multiplied by 1000. For a speed of 50 m/s,
the amplitude of vibration reaches 3.66x10°m, whereas the presence of
excitation frequency, which is equal to the natural frequency, raises the
amplitude to more than 25x10°m and it continues to increase. The
amplitudes in the case where Q= Q; are 630% greater than in the case
where Q=0. A frequency close to the natural frequency (20% greater) gives
amplitudes (13.38x10°m) even much greater than in the case of zero
frequency of excitation of the moving load. Increasing the speed to v=150
m/s (Figure 14 (b)) induces amplitudes greater than in the case of zero
frequency, but much less than in the first case where v=50 m/s. The
amplitudes in the Q= Q; case are 58% greater than in the Q=0 case. The
presence of the elastic foundation causes a reduction in amplitudes.




Conclusion

In the present work, a three-node finite element model using the
higher-order shear deformation theory is developed to investigate the
dynamic behavior of FGM beams under harmonic moving loads and
elastic foundation support. By employing Hamilton's principle and the
Galerkin method, we were able to derive the governing differential
equations for the beam's behavior and effectively solve them. It has been
shown in this article that the present finite element design is convergent,
efficient and accurate, and that it is consistent with the results in the
existing literature. The effects of various parameters on the free and forced
vibration of FGM beams are also discussed. Our results underline the
importance of taking the higher-order shear deformation theory into
account in the dynamic analysis of FGM beams, thus providing a better
understanding of their response to moving loads. This knowledge is
essential forimproving the design and performance of structures in various
fields of engineering.
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Resumen:

Introduccion/objetivo: Este articulo presenta un estudio numérico del
comportamiento dinamico forzado de wuna viga funcionalmente
graduada sometida a una fuerza de movimiento transversal
concentrada que varia arménicamente utilizando una teoria de
deformacion cortante de orden superior.

Meétodos: Las ecuaciones que rigen el problema se derivan utilizando el
principio de Hamilton. Luego, estas ecuaciones se transforman en la forma
débil utilizando el método de Galerkin. El problema se resuelve utilizando
el método de elementos finitos mediante el desarrollo de un elemento finito
de tres nodos con cuatro grados de libertad por nodo. Se elige el método
beta de Newmark para la integracion temporal y el método de Gauss para
la integracion espacial.

Resultados: Se investigaron los efectos de varios parametros, entre ellos
la relacion de esbeltez, el indice de material, la rigidez de la cimentacion, la
velocidad y la frecuencia de la carga en movimiento. Se observé una buena
concordancia con los resultados obtenidos de la bibliografia.

Conclusion: Este estudio ilustra la importancia de utilizar una teoria de
orden superior en el caso de vigas cortas y muestra claramente el cambio
en el comportamiento de la viga FGM en funcion de diferentes parametros.

Palabras claves: teoria de deformacion cortante de orden superior,
material funcionalmente graduado, método de elementos finitos, carga
movil, método beta de Newmark.

AHanus BbIHYXAEHHOTO AUHAMUYECKOTO NOBeAEHUS (DYHKLMOHANbHO-
rpagneHTHbIX B6anok Npu rapMOHNYECKON NOABWKHON Harpyske Ha
YNpyrom ocHOBaHUM METOAOM KOHEYHbIX 31eMEHTOB
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Pesome:

BeedeHue/uyenb: B 0OaHHOU cmampbe npedcmassieHo YUCIIEeHHOE
uccriedosaHue 8bIHYXOEHHO20 OuHamMu4ecKkoz20 rnosedeHus
yHKYUOHabHO-epadueHmMHbIX banok nod 8o30elicmeuem
2apMOHUYECKU U3MEHSIIOWUXCS MOMepeyYHbIX CUs, C UCMOb308aHUEM
meopuu cosu2080l 0eghopMayuu 8bICOKO20 MopPsIOKa.

Memoos!: Ynpasnsiowue ypasHeHUs MoryYeHbl C UCMO0/b308aHUEM
npuHyuna amunbmoHa. 3amem amu ypaeHeHusi npeobpa3o8aHb! 8
cnabyro ¢hopmy ¢ ucrionb3osaHuem memoda [anepkuHa. 3adauya
pewiaemcs ¢ ucronb3o8aHuemM Mmemooda KOHEYHbIX 3/1eMEHMO8 rymem
paspabomku mpexy3/08020 KOHEYHO20 3feMeHma C 4YembipbMsi
cmeneHsamMu €80600bI 8 y3ne. [na uHmeepupogaHusi ro epemMeHu
ebibpaH 6ema-memod Hbiomapka, a Ond [POCMpPaHCMBEHHO20
uHmeapuposaHusi — memod [aycca.

Pesynbmamsbi: B cmambe 6b1710 uccrieo8aHo 6/uUsHUE HECKObKUX
napamempos,  ekoyas  KoaghuyueHm  a2ubkocmu,  UHOEKC
Mamepuarna, XecmKocmb OCHO8aHUSl, CKOpOCmb U 4Yacmomy
nepemeuweHuss HaepysKku. Pe3aynbmamai uccriedogaHusi coenadarom c
pe3ynbmamamu u3 Hay4yHoU fiumepamypebl.

Bbigodbl:  [aHHoe uccriedosaHue unncmpupyem 3Ha4uMOCmb
meopuu 8bICOKO20 Mopsidka 8 criydae KOpOmKux 6asnoKk u HaensiOHo
rnokasbieaem u3MeHeHue noeedeHust (byHKUUOHaIbHO-2padueHMHbIX
basiok 8 3aguUcUMOCMU OM PasfUuYHbIX Mapamempos.

Knoyesbie criosa: meopusi cosueosol Oeghopmayuu  8bICOKO20
rnopsidka,  QyHKYUOHarbHO-epadueHmHbIli  Mamepuarn,  Memood
KOHEYHbIX  351ieMeHmos, odeuxHasi  Haepyska, 6ema-memod
Hbromapka.

AHanunsa nsassaHor JUHaMMWYKOr MoHaLlaHa q3yHKLLI/IOHaJ'IHO
cTeneHoBaHUX rpeda noa XxapMoOHUYHUM NOKPETHUM onTepeheH:eM Ha
eﬂaCTVI‘-IHOj OCHOBU nomohy MeToAe KOHa4YHUX enemMeHarta
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Caxxemak:

Yeod/yurm: Y pady je npedcmasrbeHO HYMEPUYKO ucrnumuearbe
u3assaHo2 OUHaMUu4Koe roHawara yHKUUOHaIHO cmerieHogaHe 2pede
rnodspeHyme  XapMOHUYHO  MPOMEHI/bUBOj U  mpaHcgep3anHo
KOHUeHmpucaHoj noKpemHoj cusnu y3 kopuwhere meopuje deghopmauuje
cmMuyarbem suwee peda.

Memode: HajeaxHuje jedHa4duHe u3eedeHe cy rOMORY XamusmoHogoe
npuHyuna, a 3amum mpaHcgopmucaHe y crnabu obrnuk nomohy memode
lanepkura. [lpobnem je peweH kKopuwheremM Memode KOHa4YHUX
efnleMeHama rnymem pa3seujarba KOHa4yHo2 efleMeHma ca mpu 4yeopa 00
Kojux ceaku uma Yyemupu cmeneHa criobode. 3a uHmezpauujy y epemeHy
usabpaHa je Hbymapkosa bema-memoda, a 3a UHMeapauyujy y npocmopy
aycosa memoda.

Pesynmamu: UcrniumaH je ymuuaj HEKOMUKO rnapamemapa, yKkibydyjyhu
sumkocm, UHOEKC Mamepujarna U Kpymocm, Kao U 6p3uHy U ¢hpekseHuujy
rmokpemHoe onmepehera. YoueHo je 006po criazarbe ca pesynmamuma
u3 numepamype.

Bakrbydak: O8o ucrniumuearse unycmpyje 3Hadvaj Kopuwhersa meopuje
guwee pelda y criyyajy Kpamkux epeda U jaCHO yKa3yje Ha rpoMeHy y
roHawary hyHKUUOHaAIIHO cmerneHosaHe gpede 3a8UCHO 00 pasnuqumux
rnapamemapa.

KmbyuyHe pequ: meopuja Jdecopmayuje cmuuameMm euwez peda,
pyHKUUOHaNMHO  cmerieHosaH Mamepujar, Memoda  KOHa4yHUX
erieMeHama, rnnokpemHo onmepehere, lbymapkosa 6ema-memoda.
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